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Time-reversed system operator associated with the symplectic system is provided.

Definiteness condition © 2014 Elsevier Inc. All rights reserved.

Nonhomogeneous problem
Deficiency index
Linear relation

1. Introduction

The spectral theory for difference equations and systems, which include discrete analogs of Sturm-—
Liouville and Hamiltonian systems of differential equations, has a long history and a considerable literature
which we will not attempt to delineate here other than to cite the following works, and the references
therein, to give the reader a sense of the scope of the subject in time and content, cf. [2,7,10-13,34,35,39].
In connection with this, the development of a Weyl-Titchmarsh theory for discrete Hamiltonian and
symplectic systems parallel to that which exists for Hamiltonian systems of differential equations is of

relatively recent origin, cf. [3-5,9,10,14,26,29,33,36,37]. Our current paper contributes to this ongoing de-
velopment.
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We investigate the nonhomogeneous problem as well as the basic development of linear relations associated
with discrete symplectic systems written in the so-called time-reversed form given by

Zk()\) = Sk()\)szrl()\) with Sk()\) =8+ AV, and k € Ng, (S)\)
where A € C is the spectral parameter, Ny := [0, 00) NZ, and S; and Vi, are complex 2n X 2n matrices such
that

S;ISk=J, S; TV, is Hermitian, ViIVEL =0, and ¥ :=JSJViJ =0, (1.1)

where J represents a 2n x 2n skew-symmetric matrix given by J := (BI é)
We note (viz. Lemma 2.2) that the first, second, and third identities in (1.1), i.e., (1.1)(i)—(iii), can be

combined into the single equality
SENTSk(\) =J forall A € C and k € Ny, (1.2)

where St(A) := (Sg(A))*. Identity (1.2) justifies the terminology symplectic system for (S, ), though sys-
tem (S, ) corresponds to the well-known time-reversed discrete symplectic system introduced in [8, Remark 4]
only when A € R; particularly, the case when A = 0. In addition, system (S, ) can also be viewed as a pertur-
bation of the original symplectic system zp = Skzk11, i-e., of (S)) with A = 0, but for which the fundamental
properties of symplectic systems remain true with appropriate, natural, modifications.

In [9,14], the Weyl-Titchmarsh theory was first established for discrete symplectic systems given by

Zer1(N) =St ze(N), k€ N, (1.3)

in which a special form for Vj is assumed; the proper generalization is later derived in [37], see also [38].
The results given in [37] for system (1.3) remain valid for system (S, ) with standard changes given for the
definition of the semi-inner product, viz. (2.13) (cf. [37, Theorem 2.8 and Section 4]), and for the associated
weight function, viz. (1.1)(iv) (cf. [37, Identity (1.1)(iv)]).

Consideration here of the time-reversed form given in system (S, ), rather than that given in system (1.3),
is motivated, in part, by a desire to produce more natural calculations involving the semi-inner product and
in particular a more natural form for a Green function associated with nonhomogeneous discrete symplectic
systems, viz. Lemma 4.2. We can also associate with system (S, ) a densely defined operator, because there
is no shift in the associated semi-inner product (cf. Theorem 5.4 and [28]). Moreover, this approach will
enable us in subsequent research to generalize these results and unify them with the continuous time case
by means of the time scale theory.

Given the inherent semi-definiteness of the function ¥ defined in (1.1) (cf. (2.2)), it is natural to consider
the construction of linear relations in association with (S,), their extensions and their associated spectral
theory. The theory of linear relations provides powerful tools for the study of multivalued linear operators
in a Hilbert space, especially for non-densely defined linear operators. The study of linear relations in this
context traces back to [1]; see also [15-17,20] and the references therein. For linear Hamiltonian differential
systems given by

— T () = [H(t) + AW (1)) 2(8), (1.4)

where H(t) and W (t) are Hermitian and W () is positive semi-definite, this approach was initiated in [27]
and further developed, e.g., in [6,21,22,25].
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