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' way as follows for studying the operator perturbation of fusion frames. Firstly, we
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consider the operator perturbation of fusion frame sequences by the gap between two
closed subspaces and discuss the relationships between the operator perturbation of

I{%syizjg?fZ}nes fusion frames and the operator perturbation of fusion frame sequences. Lastly, we
Fusion frame sequences transform the operator perturbation of fusion frames into the operator perturbation
Operator perturbation of fusion frame sequences based on these relationships. Our results obtained this way
Gap generalize the remarkable results which have been obtained by Casazza, Kutyniok,
Hilbert spaces Asgari, Gavruta and Zhu.
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1. Introduction

In 1952, frames were first introduced by Duffin and Schaeffer [9]. In recent 30 years, it was widely studied
and applied in sigma-delta quantization [3], filter bank theory [4], signal and image processing [5] and so
on. Fusion frames which are the generalization of frames, were studied recently by Casazza, Fornasier and
so on. Now many important results about fusion frames have been obtained by many authors (see [1,2,6,7,
10,13-15)).

We note that H and K are two Hilbert spaces, L(H, K) is the space of all bounded linear operators
from H to K, especially, L(H) is the space of all bounded linear operators on H. {W;}%2, is a family
of closed subspaces of H and {v; 521 is a family of positive weights, i.e. v; > 0. mw; is an orthogonal
projection from H onto W; for every j € ZT, where Z* is a set of positive integers. Let I C Z*. The space
12({W;};er) is defined by
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P({W;}jer) = {{fj}jel‘fj eWjand > |1 < OO},
jel

with inner product given by

{fitier-Agitier) = (fir95)-

jeI

Let T € L(H, K) be a closed range operator and n be a positive integer. Note that W,, = 12({Wj}?:1) =
{fi¥ioalfy € Wiand 1 < j < n} and P{HY_,) = {{f;}]_1|f; € Hand 1 < j < n}, we let my, be
an orthogonal projection from 12({H};’:1) onto I2({W; }1-1), and let

UmT = {{’UJT*WWJC};:JJC S K}
By some straightforward computations, we obtain
W, ({fj}?:l) = {ijfj}?:1 (1-1)
for any {f;}7_, € P({H}}—y)-

Definition 1.1. Let {W;}22, be a family of closed subspaces of H, {v;}32; be a family of positive weights,
ie.v; >0 for j =1,2,---. If there exist constants 0 < A < B < 400 such that

- 2
AIFIP < o3 lmw, (O < BIFIP
j=1
for all f € H, then we call {(W;,v;)}32; a fusion frame for H with bounds A and B.

Definition 1.2. A family {(W;,v;)}52, is a fusion frame sequence for H, if {(W;,v;)}72, is a fusion frame
for W with bounds A and B, where

W = span{W;}72, = {Z fj‘fj € W;,I C Z* is finite set}.
jE€I

The positive real constants A and B are called lower and upper bounds of the fusion frame sequence.

Definition 1.3. Let W and V be two closed subspaces of H. We define the gap between W and V by

oW, V)= sup dist(z,V)= sup inf ||z —yl.
z€W,|z||=1 zeW,||z||=1YEV

The thing to note here is that 0 < §(W, V') < 1. Especially, if W C V then §(W, V) = 0; if W and V are
two orthogonal closed subspaces of H then 6(W, V) = 1. Some results about the gap between two subspaces
see [11].

Definition 1.4. Suppose that H, K are two Hilbert spaces, and T': H — K is a bounded linear operator.
Let

AT) = inf {|Tz|| : x € Ny, ||=]| = 1},

then we call v(T) the minimum modulus of operator T.
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