J. Math. Anal. Appl. 421 (2015) 1790-1802

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Logarithmic moving averages @CmssMark

N.H. Bingham *, Bujar Gashi >*

? Department of Mathematics, Imperial College London, 180 Queens Gate, London, SW7 2BZ, UK
b Department of Mathematical Sciences, The University of Liverpool, Liverpool, L69 7ZL, UK

ARTICLE INFO ABSTRACT

Article history: We introduce a moving average summability method, which is proved to be
Received 20 May 2014 equivalent to the logarithmic £-method. Several equivalence and Tauberian theorems
Availqble online 20 August 2014 are given. A strong law of large numbers is also proved.

Submitted by U. Stadtmueller © 2014 Published by Elsevier Inc.

Keywords:
Moving averages
f-method
L-method
P-method

LLN

Regular variation

1. Introduction

The logarithmic methods of summation ¢ and L are classical (see, for example, Hardy |[35],
Ishiguro [37-40], Kwee [46-48]). Let {s,}22, be a sequence of real numbers. The sequence is summable to
s by the logarithmic ¢-method, written s, — s (¢), if
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(we write £, when the limit is taken through a continuous variable).
The sequence is summable to s by the logarithmic L-method, written s, — s (L), if
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Here we introduce a certain delayed (deferred) summability method. For A > 1, the sequence {s,}52, is
summable by the logarithmic moving average, s, — s (L(X)), if
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(we write L;(\) if the limit is taken through a continuous variable z).
2. Equivalence and Tauberian theorems
2.1. Results

Theorem 1. ¢ < L(X) for some (all) X > 1.
With {a, }?2, defined by s, = > _, an, the Riesz (typical) mean R(logn) (of order 1) is defined as
1 x
—/{ Z ak}dy (x = 0).
r 0 k: log(k+1)<y
In view of R(logn) < ¢ (Hardy [35, Th. 37]; see also §5.16), this gives
Corollary 1. R(logn) < L(\) for some (all) A > 1.

Note that R(logn) involves a continuous limit, but £(\) a discrete one. This equivalence between discrete
and continuous limits is a consequence of uniformity, as in Theorem 2 below.

Theorem 2. If (1.3) holds for all X\ > 1, then it holds uniformly on compact A-sets in (1,00).
Corollary 2. s, — s (¢;) if and only if s, = s (Lz (X)) for all X > 1.

Theorem 3. Let U(z) := > ;e si(i + 1)=L. The following statements are equivalent:

(i) U(x) = Ui(x) — Uz(x), with Us(x) non-decreasing and Uy(z) satisfying

lim [Uy(z) — Uy (xl/A)](logx)_l =s(1-X7"1), vA>1,

T—r00
(ii) liminfa)s imsup, . supgep o [U(7) — U(x'/9)](logz)™! < oo.
Corollary 3. If s,, — s (£), then statement (ii) of Theorem 3 holds.

The Abelian result that £ = L is proved in [38]. The simplest Tauberian condition for L = ¢, and thus
{ & L, is s, = Op(1) as proved in [39]. We next give a Tauberian theorem establishing the equivalence
between ¢ and L methods under a one-sided Tauberian condition of best possible character (cf. [16]).

Theorem 4. We have ¢ < L if and only if
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