J. Math. Anal. Appl. 421 (2015) 1889-1916

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate /jmaa

Positive solutions for the Hardy—Sobolev-Maz'ya equation with @ CossMark
Neumann boundary condition

Jing Yang

School of Mathematics and Statistics, Central China Normal University, Wuhan, 430079, PR China

ARTICLE INFO ABSTRACT
Article history: Let 2 be a bounded domain with a smooth C? boundary in RN = RF x RN—*
Received 28 May 2014 (N >3), 0 € 812, and v denotes the unit outward normal vector to boundary 912.

Available online 20 August 2014
Submitted by J. Shi

‘u‘mflu
lyl*
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Positive solutions

1. Introduction and main results

In this paper, we consider the following Hardy—Sobolev—Maz’ya problem with Neumann boundary

pt—1
—Au—u%zw%—i-f(x,u), u>0, x €2,
Y Y (1.1)
0
8—Z + a(z)u =0, z € 02\ {0},

where 2 C RY is a bounded domain with C? boundary, 0 € 92, RN = RF x RN"%* 2 <k < N,0< pu <
o =: % when k > 2, =0 when k =2, 0 < ¢ < 2 and p, = 2228 moreover, 0 < a(z) € L>(912),
a(zr) # 0, and v denotes the unit outward normal vector to boundary df2. The main interest of this kind
of problem, in addition to the presence of the singular potential 1/|y|? related to Hardy’s inequality, is the
following well-known Hardy—Sobolev—Maz’ya inequality [8]
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( ||y—|tdx> < (84) /<|Vu|2 — ,u|y—2>d:n, Vu € C5° (RY), (1.2)
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where p < ji. Especially, when ¢ = 2, one has that if u € H}(§2), then u/|y| € L?(£2) and

2 1
/u—deg j/|Vu|2dx.
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But, the constant ji is optimal and is not achieved, due to the non-compactness in the embedding H'(§2) —
L2(92, |y|~2dx), even locally, in any neighborhood of zero.
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indeed they have the same homogeneity as the Laplacian and do not belong to the Kato’s class, hence

u

From the mathematical point of view, the Hardy—Sobolev—Maz’ya terms e and are critical:

they can cause the non-compactness of the corresponding functional. Various equations similar to (1.1)
have been proposed to model several phenomena of interest in astrophysics. We recall here the Eddingtons
and Matukumas equations, which have attracted much interest in recent years (see [4,22-24]). In [7] vari-
ous astrophysical models are introduced and discussed, including some generalizations of the Matukumas
equation.

Consider the functional associated to (1.1)

1 9 u? 1 (ut)petl " 1 9
I(u) = §/<VU| —)\|y—2>d$— pt+1/ M dx—/F(x,u )dm+§ /a(m)u do, (1.3)
Q
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where ut = max{u,0}, F(z,s) = [, f(z,t)dt. Obviously, the functional I is well defined and is C* smooth
in H'(2), and hence by the strong maximum principle, its critical point is a weak solution of (1.1). In what
follows, we will employ the minimax methods to find the nontrivial critical points of I. The main difficulty
is that, owing to the non-compactness in the embedding H'(£2) < LPt*1(02, |y|~tdx), I does not satisfy the
Palais—Smale compactness condition for large level, which makes the study of (1.1) very tough.

After the pioneer work of Brezis and Nirenberg [10], a large number of papers appeared concerning
the Dirichlet problem with critical exponents when k& = N (see [5,6,9,11-14,17,19,20]). The corresponding
problem with Neumann boundary condition have also been extensively studied in recent years (see for
example, [1-3,16,21,25,29,30]). As for the Sobolev—Hardy problem, since the singularity at 0, this kind of
problem attracts much attention. However, there are few interesting results for this kind of problem with
k # N. The main purpose of this paper is to establish new existence phenomena for problem (1.1) under
the case t = 2 — Mﬁ.

For k = N, the existence of the least energy solutions of (1.1) has been proved in [15] if p < (
and 0 < t < 2 for N > 3 with Dirichlet boundary condition and f(z,u) = 0; Han and Liu in [18] showed
the existence of positive solutions of (1.1) when ¢ = 0 for the Neumann boundary condition with 0 € 9£2;
Shang and Tang in [27] proved that (1.1) has a positive solution if 0 < p < (852)? and 0 < ¢ < 2 for
N >4.1f 2 < k < N, Bhakta and Sandeep in [8] investigated the existence (non-existence) of the solutions
to (1.1) with Dirichlet boundary condition; replacing f(z,u) by Au, the authors in [28] obtained infinitely
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many solutions for (1.1) when N > 6+ ¢. In this sequel, using the variational method and taking some idea
from [18,27], we prove that (1.1) possesses a positive solution for a large class of f(x,s).
In order to state our main result, we give the conditions imposed on f € C((_Z x RT R): there exists a
function a(z) € L>(12), a(x) < 0 such that
flzs)

(f1) lims_o+ =5 = a(x), uniformly for = € 2

(f2) limg 100 f(;f)’ts) = 0, uniformly for = € (2.
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