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Let Ω ⊂ [0, 1] × [0, 1] be the solution of the set equation:

Ω =
k⋃

i=1
(ϕIi,1 × ϕJi,τi

)(Ω),

where for an interval I = [a, b] ⊂ [0, 1] and τ ∈ {−1, 1}, ϕI,τ : [0, 1] → I is the
linear map such that ϕI,1(0) = a, ϕI,1(1) = b, ϕI,−1(0) = b, ϕI,−1(1) = a, and
{Ii; i = 1, · · · , k} is a partition of [0, 1] with |Ji| = |Ii|1/2. Thus, Ω is a graph
of a Borel function fΩ almost surely and it is called a self-affine set of Brownian
motion type. Let λ be the Lebesgue measure on [0, 1] and let μΩ = λ ◦ f−1

Ω . The
density ρΩ = dμΩ

dλ
, if it exists, is called the local time of Ω and it has been studied.

It is known that dimH Ω = 3/2 if ρΩ exists. In the present study, ρΩ is obtained
by solving the so-called jigsaw puzzle on {Ji, τi; i = 1, · · · , k}, i.e., the problem of
decomposing ρΩ into a sum of its self-similar images with the support Ji and the
orientation τi for i = 1, · · · , k.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Assume that

(#1)
k is an integer where k ≥ 2, 0 = s0 < s1 < · · · < sk = 1, and

Ii = [si−1, si] (i = 1, · · · , k) are intervals.

* Corresponding author.
E-mail addresses: yxue@buaa.edu.cn (Y.-M. Xue), kamae@apost.plala.or.jp (T. Kamae).

http://dx.doi.org/10.1016/j.jmaa.2014.04.018
0022-247X/© 2014 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jmaa.2014.04.018
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:yxue@buaa.edu.cn
mailto:kamae@apost.plala.or.jp
http://dx.doi.org/10.1016/j.jmaa.2014.04.018
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2014.04.018&domain=pdf


80 Y.-M. Xue, T. Kamae / J. Math. Anal. Appl. 419 (2014) 79–93

Fig. 1. Set equation for Ω, where ↑ and ↓ correspond to the upward or downward linear maps, respectively, from the unit square to
Ii × Ji (i = 1, 2, · · · , k).

In addition, assume further

(#2)
Ji (i = 1, · · · , k) are closed intervals in [0, 1] such that |Ji| = |Ii|1/2 (i = 1, · · · , k),

and τi ∈ {−1, 1} (i = 1, · · · , k),

where |I| denotes the length b− a of the interval I = [a, b].
For an interval I = [a, b] where 0 ≤ a < b ≤ 1 and τ ∈ {−1, 1}, we define a linear map ϕI,τ : [0, 1] → I by

ϕI,τ (x) =
{
a(1 − x) + bx (τ = 1),
b(1 − x) + ax (τ = −1).

We may denote ϕI,1 simply by ϕI . Therefore, ϕI × ϕJ,τ with intervals I = [a, b], J = [c, d] in [0, 1] is the
linear bijection [0, 1] × [0, 1] → I × J such that ϕI × ϕJ,1 maintains the orientation, whereas ϕI × ϕJ,−1
reverses the vertical orientation. The former map is called the upward map and the latter map is called the
downward map, which are denoted by upward and downward arrows, respectively. See Fig. 1.

Definition 1. Let Ω = Ω(I1, · · · , Ik; J1, · · · , Jk; τ1, · · · , τk) be the compact set in [0, 1] × [0, 1] that satisfies
the following set equation [3,5]:

Ω =
k⋃

i=1
(ϕIi × ϕJi,τi)(Ω). (1.1)

We refer to Ω as a self-affine set of Brownian motion type.

Self-affine sets of Brownian motion type were studied in [1,8], and [7] from the perspective of stochastic or
functional analysis. McMullen’s notion of general Sierpiński carpets [9] is similar to our notion, but there are
some differences, i.e., our notion has more freedom to choose the position and the orientation of Ji, whereas
log |Ji|/ log |Ii| is not necessarily 1/2 in McMullen’s notion and there can be more than one rectangle on the
same vertical line. In addition, continuous self-affine functions with |Ii| = 1/k (i = 1, · · · , k) were studied
previously [6], where it was proved that functions with different coprime k and k′ that coincide are linear
functions.
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