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Representations on Hilbert spaces for a nonlocal C*-algebra 8 of singular integral
operators with piecewise slowly oscillating coefficients extended by a group of unitary
shift operators are constructed. The group of unitary shift operators Ug in the C*-algebra
B is associated with a discrete amenable group G of orientation-preserving piecewise
smooth homeomorphisms g : T — T that acts topologically freely on T and admits distinct
fixed points for different shifts. A C*-algebra isomorphism of the quotient C*-algebra
B /IC, where K is the ideal of compact operators, onto a C*-algebra of Fredholm symbols
is constructed by applying the local-trajectory method, spectral measures and a lifting
theorem. As a result, a Fredholm symbol calculus for the C*-algebra B or, equivalently,

Fredholmness a faithful representation of the quotient C*-algebra 2 /K on a suitable Hilbert space is
constructed and a Fredholm criterion for the operators B € 98 is established.
© 2013 Elsevier Inc. All rights reserved.

1. Introduction

In this paper we deal with a nonlocal C*-algebra 8 generated by a C*-algebra of singular integral operators with
piecewise slowly oscillating coefficients and by a group of unitary shift operators Ug associated with a discrete amenable
group G of orientation-preserving piecewise smooth homeomorphisms. The aim is to construct a Fredholm symbol map for
the C*-algebra 9B, that is, a representation ¥y : B — B(Hs) of B on a convenient Hilbert space Hgoy such that an operator
B € ‘B is Fredholm if and only if Wg(B) is invertible on Hss. Thus, the map Wy produces a faithful representation of the
quotient C*-algebra 9B //C on the Hilbert space Hss, where K is the ideal of compact operators.

The more complicated the structure of the set of fixed points of shifts is, the harder a Fredholm symbol calculus for %5
is constructed and the more complicated the structure of symbols becomes. In the present paper we study the C*-algebras
B with groups G acting topologically freely. Then shifts g € G can admit both common and non-common fixed points. The
typical example of such groups is the solvable group G of affine mappings

g:R—R, Xt kgx+hg (kg >0, hg eR),

where all shifts g € G have the common fixed point x = oo and, if kg # 1, the shifts g € G \ {e} have, in general, distinct
fixed points x =hg/(1 —kg).
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The existence of non-common fixed points for shifts g € G \ {e} leads to essential difficulties in constructing a Fredholm
symbol for operators B € 8 as compared with the case of common fixed points for all g € G studied in [4,5]. Moreover,
this forced us to apply a new methodology different from those used in the previous papers [4-7] and based on the local-
trajectory method and its generalizations using spectral measures (see [15,18,1,2]), which are especially effective if all shifts
g € G\ {e} have the same set of fixed (or periodic) points. The new tools that allowed us to construct the desired symbol
map for the C*-algebra B are a C*-algebra modification of the lifting theorem (cf. [14, Theorem 1.8], [21, Theorem 3.3]
and [25, Section 6.3]) and ideas borrowed from [20,17,22] and related to Banach algebras of singular integral operators with
piecewise continuous coefficients and discrete subexponential groups of shifts (in particular, the crucial idea of dealing with
finite subsets of orbits instead of whole orbits).

Let B(L*(T)) be the C*-algebra of all bounded linear operators acting on the space L?(T), where T is the unit circle in C
oriented anticlockwise; PSO(T) be the C*-algebra of piecewise slowly oscillating functions on T defined in Subsection 2.1;
G be a discrete amenable group of orientation-preserving piecewise smooth homeomorphisms g : T — T possessing deriva-
tives g’ with at most finite sets of discontinuities, and let G act on T topologically freely, that is, for every finite set
Go C G\ {e}, where e is the unit of G, and every open set V C T there exists a point T € V such that g(7) # t for every
g € G (cf. [1,18]). Suppose G acts on T from the right: (g122)(t) = g2(g1(t)) for all g1, g2 € G and all t € T.

We study the C*-subalgebra

B :=alg(PSO(T), St, Ug) (11)

of B(L?(T)) generated by all multiplication operators al with a € PSO(T), by the Cauchy singular integral operator St
defined by
a1 p(7) .
(STe)(t) == lim — ——dr, T(te={reT:|t—tl<e}, teT, (1.2)
e—>0TT1 T—t
T\T(t,&)

and by the group Ug :={Ug: g € G} of unitary weighted shift operators U, given by

Ugp)(®) :=g' )] *p(2®)) forteT. (1.3)

The paper is organized as follows. Section 2 contains preliminaries: definition of the commutative C*-algebra PSO(T) of
piecewise slowly oscillating functions on T and a description of its maximal ideal space M(PSO(T)), as well as a Fredholm
symbol and a Fredholm criterion for the C*-algebra

2L := alg(PSO(T), St) C B (1.4)

generated by the operator St and all operators al with a € PSO(T). Section 2 also contains a description of a spectral
measure associated with a central subalgebra of the C*-algebra %5/K.

Section 3 contains the main results of the paper: a representation ¥y of the C*-algebra 9B on a Hilbert space Hss with
Ker Woy = IC, where

%:(@ u/w)@(@ wﬁ), 7—[;3:=<@ HW)€B<@H3V>, (15)

weWr wew? weWr wews

W is the set of all G-orbits of points t € T and W% is the set of G-orbits containing more than one point. As a result, a
Fredholm symbol map for 8 is obtained (Theorem 3.1) and a Fredholm criterion for the operators B € B in terms of their
Fredholm symbols is established (Theorem 3.2).

In Section 4 we give an example of a Fredholm singular integral operator with shift, which illustrates the conditions of
Theorem 3.2 in an explicit form.

Section 5 contains the main tools for studying the C*-algebra B: a suitable version of the local-trajectory method
(Theorem 5.1), a lifting theorem for C*-algebras (Theorem 5.2) and its corollary providing sufficient Fredholm conditions
(Theorem 5.3).

In Section 6, applying the local-trajectory method, we study the invertibility of functional operators that constitute the
C*-algebra

A :=alg(PSO(T), U¢) C B. (1.6)

In Section 7, making use of results for the C*-algebra (1.6), we prove that every operator B € 98 for considered groups G
is of the form

B=AYPl +A Py +Hs, (1.7)

where AT € A, P% := (I £ S1)/2, Hg € $, and § is the closed two-sided ideal in B generated by all commutators
[al, ST] and [Ug, St], where a € PSO(T) and g € G (Theorem 7.2). Using this decomposition we prove in Section 7 that
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