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We consider the set Rn of rational functions of degree at most n � 1 with no
poles on the unit circle T and its subclass Rn,r consisting of rational functions
without poles in the annulus {ξ: r � |ξ| � 1

r
}. We discuss an approach based on the

model space theory which brings some integral representations for functions in Rn

and their derivatives. Using this approach we obtain Lp-analogs of several classical
inequalities for rational functions including the inequalities by P. Borwein and T.
Erdélyi, the Spijker Lemma and S.M. Nikolskii’s inequalities. These inequalities are
shown to be asymptotically sharp as n tends to infinity and the poles of the rational
functions approach the unit circle T.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

The goal of this paper is to give a unified approach to classical inequalities for rational functions. This
approach is based on integral representations for rational functions and their derivatives. It makes possible
to recover several known results and obtain their Lp-analogs where the estimate is given not only in terms
of the degree of a rational function but also in terms of the distance from the poles to the boundary.

1.1. Notations

Let Pn be the space of complex analytic polynomials of degree at most n � 1 and let

Rn =
{
P

Q
: P,Q ∈ Pn, Q(ξ) �= 0 for |ξ| = 1

}
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be the set of rational functions of degree at most n (where deg P
Q = max(degP,degQ)) without poles on

the unit circle T = {ξ ∈ C: |ξ| = 1}. We denote by ‖f‖Lp , 0 < p � ∞, the standard norms (quasinorms if
p ∈ (0, 1)) of the spaces Lp(T,m), where m stands for the normalized Lebesgue measure on T. Denote by
D = {ξ ∈ C: |ξ| < 1} the unit disc of the complex plane and by D = {ξ ∈ C: |ξ| � 1} its closure. For a
given r ∈ (0, 1), we finally introduce the subset

Rn,r =
{
P

Q
: P,Q ∈ Pn, Q(ξ) �= 0 for r � |ξ| � 1

r

}
of Rn, consisting of rational functions of degree at most n without poles in the annulus {ξ: r � |ξ| � 1

r}.
We also introduce some notations specific to the theory of model subspaces of the Hardy space Hp,

1 � p � ∞. Denote by Hol(D) the space of all holomorphic functions on D. The Hardy space Hp = Hp(D),
1 � p < ∞, is defined as follows:

Hp =
{
f ∈ Hol(D): ‖f‖pHp = sup

0�ρ<1

∫
T

∣∣f(ρξ)
∣∣p dm(ξ) < ∞

}
.

As usual, we denote by H∞ the space of all bounded analytic functions in D. We denote by 〈·,·〉 the usual
scalar product on L2(T,m) or H2,

〈f, g〉 =
∫
T

f(ξ)g(ξ) dm(ξ). (1.1)

For any σ = (λ1, . . . , λn) ∈ D
n, we consider the finite Blaschke product

Bσ =
n∏

k=1

bλk
, bλ(z) = λ− z

1 − λz
,

bλ being the elementary Blaschke factor associated with λ ∈ D. Define the model subspace KBσ
of the

Hardy space H2 by

KBσ
=

(
BσH

2)⊥ = H2 �BσH
2.

The subspace KBσ
consists of rational functions of the form P/Q, where P ∈ Pn−1 and Q is a polynomial

of degree n with the zeros 1/λ1, . . . , 1/λn of corresponding multiplicities.
For any Blaschke product B and ξ ∈ D, the function

kBξ (z) = 1 −B(ξ)B(z)
1 − ξz

is the reproducing kernel of the model space KB corresponding to ξ, that is, f(ξ) = 〈f, kBξ 〉, f ∈ KB (see,
e.g., [20, p. 199]). Indeed, for any f ∈ KB and ξ ∈ D,

f(ξ) =
〈
f,

1
1 − ξz

〉
=

〈
f, kBξ

〉
. (1.2)

Here the first equality is the standard Cauchy formula, while the second follows from the fact that (1 −
ξz)−1 − kBξ (z) ∈ BH2 and f ⊥ BH2. In the case when B is a finite Blaschke product we have KB ⊂ C(D)
(i.e., any f ∈ KB is continuous in the closed disc) and kBξ (z) ∈ C(D × D) as a function of ξ and z. Thus,
the formula f(ξ) = 〈f, kBξ 〉 remains true for ξ ∈ T.



Download	English	Version:

https://daneshyari.com/en/article/4615908

Download	Persian	Version:

https://daneshyari.com/article/4615908

Daneshyari.com

https://daneshyari.com/en/article/4615908
https://daneshyari.com/article/4615908
https://daneshyari.com/

