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Multiparameter maximal estimates are considered for operators of Schrödinger type. Sharp
and almost sharp results, that extend work by Rogers and Villarroya, are obtained. We
provide new estimates via the integrability of the kernel which naturally appears with a
T T ∗ argument and discuss the behavior at the endpoints. We treat in particular the case
of global integrability of the maximal operator on finite time for solutions to the linear
Schrödinger equation and make some comments on an open problem.
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1. Introduction and main results

Assuming a > 1 and letting f belong to the Schwartz class S(Rn), we set

St f (x) =
∫
Rn

eix·ξ eit|ξ |a f̂ (ξ)dξ, x ∈ R
n, t ∈R.

Here f̂ denotes the Fourier transform of the function f , defined by

f̂ (ξ) =
∫
Rn

e−ix·ξ f (x)dx.

We also set u(x, t) = (2π)−n St f (x). It then follows that u(x,0) = f (x) and in the case a = 2, the function u satisfies
the Schrödinger equation i∂u/∂t = �u. Also, more generally, if a = 2k for some k = 1,2,3, . . . , then u satisfies the equation
i∂u/∂t = �ku, if k is odd and i∂u/∂t = −�ku, if k is even.

We shall study the maximal function S∗ f defined by

S∗ f (x) = sup
0<t<1

∣∣St f (x)
∣∣, x ∈R

n,

and define Sobolev spaces Hs by setting

Hs = {
f ∈ S ′: ‖ f ‖Hs < ∞}

, s ∈R,

* Corresponding author.
E-mail addresses: pers@math.kth.se (P. Sjölin), fernando.soria@uam.es (F. Soria).

1 Authors supported by DGU Grants MTM2010-16518 and MTM2010-18128.

0022-247X/$ – see front matter © 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jmaa.2013.09.037

http://dx.doi.org/10.1016/j.jmaa.2013.09.037
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:pers@math.kth.se
mailto:fernando.soria@uam.es
http://dx.doi.org/10.1016/j.jmaa.2013.09.037
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2013.09.037&domain=pdf


130 P. Sjölin, F. Soria / J. Math. Anal. Appl. 411 (2014) 129–143

where

‖ f ‖Hs =
( ∫
Rn

(
1 + |ξ |2)s∣∣ f̂ (ξ)

∣∣2
dξ

)1/2

.

The homogeneous Sobolev spaces Ḣs , for s ∈ R, are defined by

Ḣs = {
f ∈ S ′: ‖ f ‖Ḣs

< ∞}
,

where

‖ f ‖Ḣs
=

( ∫
Rn

|ξ |2s
∣∣ f̂ (ξ)

∣∣2
dξ

)1/2

.

The inequality∥∥S∗ f
∥∥

L2(B)
� C‖ f ‖Hs , (1)

for arbitrary balls B has been studied by several authors. In the case n = 1, it is known that (1) holds if and only if s � 1/4
(see Carleson [2], Dahlberg and Kenig [3], and Sjölin [10]). In the case n = 2 and a = 2, Lee [8], extending previous results
in [18] and [17], has proved that (1) holds for s > 3/8. In the case n � 3, Sjölin [10] and Vega [19] proved that (1) holds for
s > 1/2.

As is well known, the inequality (1) implies that

lim
t→0

1

(2π)n
St f (x) = f (x), a.e.,

for every f ∈ Hs . The above estimates therefore give pointwise convergence results. In the case a = 2, Bourgain [1] has
recently improved these results and proved that one has convergence almost everywhere for every f ∈ Hs(R

n) if s >

1/2 − 1/4n. On the other hand Bourgain has also proved that one does not have convergence almost everywhere for all
f ∈ Hs(R

n) if n � 5 and s < 1/2 − 1/n.
For n = 1 and a > 1 we set M∗ f = S∗ f and

M∗∗ f (x) = sup
t∈R

∣∣St f (x)
∣∣, x ∈R.

In harmonic analysis considerable attention has been given to multiparameter singular integrals and related operators. Some
examples of this can be seen in the work of E.M. Stein and R. Fefferman [4,6,5,7]. In this paper we introduce in the same
spirit multiparameter operators of Schrödinger type.

For n � 2 and a multiindex a = (a1,a2, . . . ,an), with a j > 1, and f ∈ S(Rn), we now set

St f (x) =
∫
Rn

eix·ξ ei(t1|ξ1|a1 +t2|ξ2|a2 +···+tn|ξn|an ) f̂ (ξ)dξ, x ∈ R
n,

where t = (t1, t2, . . . , tn) ∈ R
n . In the remaining part of this paper, St will be defined in this way if n � 2. Finally, we will

define maximal operators for n � 2 by letting

M∗ f (x) = sup
0<ti<1

∣∣St f (x)
∣∣, x ∈R

n,

and

M∗∗ f (x) = sup
ti∈R

∣∣St f (x)
∣∣, x ∈R

n.

In this paper we will study the inequality∥∥M∗∗ f
∥∥

q � C‖ f ‖Ḣs
, (2)

as well as∥∥M∗ f
∥∥

q � C‖ f ‖Hs , (3)

for different values of s ∈ R, 1 � q � ∞ and the multiindex a. Here we shall use the notation ‖ · ‖q = ‖ · ‖Lq(Rn) .
We can state the following results. The first two theorems are concerned with the case n = 1. Some parts of them are

already known, but we bring them here for the sake of completeness.



Download English Version:

https://daneshyari.com/en/article/4615991

Download Persian Version:

https://daneshyari.com/article/4615991

Daneshyari.com

https://daneshyari.com/en/article/4615991
https://daneshyari.com/article/4615991
https://daneshyari.com

