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We consider higher order viscous Burgers’ equations with generalized nonlinearity
and study the associated initial value problems for given data in the L2-based
Sobolev spaces. We introduce appropriate time weighted spaces to derive multilinear
estimates and use them in the contraction mapping principle argument to prove
local well-posedness for data with Sobolev regularity below L2. We also prove ill-
posedness for this type of models and show that the local well-posedness results are
sharp in some particular cases viz., when the orders of dissipation p, and nonlinearity
k + 1, satisfy a relation p = 2k + 1.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

In continuation to our recent works [5,6], here we consider higher order viscous Burgers’ equations with
generalized nonlinearity which are also known as generalized Korteweg–de Vries (KdV) type equations with
dissipative perturbation. These sort of models are well studied in the recent literature, see for example [7,14,
19,21] and references therein. The authors in [14,21] considered generalization in the dissipative part, while
the authors in [7,19] studied generalization in the nonlinearity. In this work, we are interested in considering
generalization in both dissipative as well as nonlinear parts and address the well-posedness issues for the
initial value problems (IVPs),

{
vt + vxxx + ηLv + (vk+1)x = 0, x ∈ R, t � 0, k ∈ N, k > 1,
v(x, 0) = v0(x),

(1.1)
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and {
ut + uxxx + ηLu + (ux)k+1 = 0, x ∈ R, t � 0, k ∈ N, k > 1,
u(x, 0) = u0(x),

(1.2)

where η > 0 is a constant; u = u(x, t), v = v(x, t) are real-valued functions and the linear operator L is
defined via the Fourier transform by L̂f(ξ) = −Φ(ξ)f̂(ξ).

The Fourier symbol Φ(ξ) is of the form

Φ(ξ) = −|ξ|p + Φ1(ξ), (1.3)

where p ∈ R+ and |Φ1(ξ)| � C(1 + |ξ|q) with 0 � q < p. The symbol Φ(ξ) is a real-valued function which
is bounded above; i.e., there is a constant C such that Φ(ξ) < C (see Lemma 2.2 below). We note that,
a particular case of Φ(ξ) in the form

Φ̃(ξ) =
n∑

j=0

2m∑
i=0

ci,jξ
i|ξ|j , ci,j ∈ R, c2m,n = −1, (1.4)

with p := 2m + n, has been considered in our earlier work [4].
We observe that, if u is a solution of (1.2) then v = ux is a solution of (1.1) with initial data v0 = (u0)x.

For this reason Eq. (1.1) is called the derivative equation of (1.2).
As mentioned above, we are interested in studying the well-posedness issues to the IVPs (1.1) and (1.2)

for given data in the low regularity Sobolev spaces Hs(R). Recall that, for s ∈ R, the L2-based Sobolev
spaces Hs(R) are defined by

Hs(R) :=
{
f ∈ S ′(R): ‖f‖Hs < ∞

}
,

where

‖f‖Hs :=
∥∥〈ξ〉sf̂ ∥∥

L2
ξ
,

with 〈·〉 = 1 + | · |, and f̂(ξ) is the usual Fourier transform given by

f̂(ξ) ≡ F(f)(ξ) := 1√
2π

∫
R

e−ixξf(x) dx.

The factor 1√
2π in the definition of the Fourier transform does not alter our analysis, so we will omit it.

We use the standard notion of well-posedness. More precisely, we say that an IVP for given data in
a Banach space X is locally well-posed, if there exist a certain time interval [0, T ] and a unique solution
depending continuously upon the initial data, and the solution satisfies the persistence property; i.e., the
solution describes a continuous curve in X in the time interval [0, T ]. If the above properties are true for
any time interval, we say that the IVP is globally well-posed, and if any one of the above properties fails to
hold, we say that the IVP is ill-posed.

In our recent work [5], we considered dissipative perturbation of KdV type equations (i.e., (1.1) and (1.2)
with k = 1) and proved sharp local well-posedness results for given data with Sobolev regularity below L2.
The IVPs (1.1) and (1.2) with general nonlinearity k > 0 are considered in [6] to obtain local well-posedness
in Hs, s � −1 and s � 0 respectively.

The sharp local well-posedness results in [5] were obtained by using the contraction mapping principle in
suitably defined time weighted function spaces. The motivation behind the introduction of time weighted
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