
J. Math. Anal. Appl. 417 (2014) 244–259

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Functional inequalities for generalized inverse trigonometric and
hyperbolic functions

Árpád Baricz a,1, Barkat Ali Bhayo b, Tibor K. Pogány c,∗

a Department of Economics, Babeş-Bolyai University, 400591 Cluj-Napoca, Romania
b Department of Mathematical Information Technology, University of Jyväskylä, 40014 Jyväskylä, Finland
c Faculty of Maritime Studies, University of Rijeka, 51000 Rijeka, Croatia

a r t i c l e i n f o a b s t r a c t

Article history:
Received 20 January 2014
Available online 19 March 2014
Submitted by M.J. Schlosser

Keywords:
Generalized inverse trigonometric
functions
Generalized inverse hyperbolic
functions
Functional inequalities
Generalized hypergeometric 3F2
function

Various miscellaneous functional inequalities are deduced for the so-called gen-
eralized inverse trigonometric and hyperbolic functions. For instance, functional
inequalities for sums, difference and quotient of generalized inverse trigonometric
and hyperbolic functions are given, as well as some Grünbaum inequalities with
the aid of the classical Bernoulli inequality. Moreover, by means of certain already
derived bounds, bilateral bounding inequalities are obtained for the generalized hy-
pergeometric 3F2 Clausen function.
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1. Introduction and main results

For given complex numbers a, b and c with c �= 0,−1,−2, . . . , the Gaussian hypergeometric function 2F1
is the analytic continuation to the slit place C \ [1,∞) of the series

F (a, b; c; z) = 2F1(a, b; c; z) =
∑
n�0

(a, n)(b, n)
(c, n)

zn

n! , |z| < 1.

Here (a, n) is the Pochhammer symbol (rising factorial) (·, n) : C → C, defined by

(z, n) = Γ (z + n)
Γ (z) =

n∏
j=1

(z + j − 1)
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for n ∈ Z, see [1]. Special functions, such the classical gamma function Γ , the digamma function ψ and
the beta function B(·,·) have close relation with hypergeometric function. These functions for x, y > 0 are
defined by

Γ (x) =
∞∫
0

e−ttx−1 dt, ψ(x) = Γ ′(x)
Γ (x) , B(x, y) = Γ (x)Γ (y)

Γ (x + y) ,

respectively.
The eigenfunction sinp of the of the so-called one-dimensional p-Laplacian problem [11]

−Δpu = −
(∣∣u′∣∣p−2

u′)′ = λ|u|p−2u, u(0) = u(1) = 0, p > 1,

is the inverse function of F : (0, 1) → (0, πp

2 ), defined as

F (x) = arcsinp(x) =
x∫

0

(
1 − tp

)− 1
p dt,

where

πp = 2
p

1∫
0

(1 − s)−
1
p s

1
p−1 ds = 2

p
B

(
1 − 1

p
,
1
p

)
= 2π

p sin(πp ) .

The function arcsinp is called the generalized inverse sine function, and coincides with usual inverse sine
function for p = 2. Similarly, the other generalized inverse trigonometric and hyperbolic functions arccosp :
(0, 1) → (0, π

2 ), arctanp : (0, 1) → (0, bp), arcsinhp : (0, 1) → (0, cp), arctanhp : (0, 1) → (0,∞), where

bp = 1
2p

(
ψ

(
1 + p

2p

)
− ψ

(
1
2p

))
= 2−

1
pF

(
1
p
,
1
p
; 1 + 1

p
; 1
2

)
, cp =

(
1
2

) 1
p

F

(
1, 1

p
; 1 + 1

p
,
1
2

)
,

are defined as follows

arccosp(x) =
(1−xp)

1
p∫

0

(
1 − tp

)− 1
p dt,

arctanp(x) =
x∫

0

(
1 + tp

)−1
dt,

arcsinhp(x) =
x∫

0

(
1 + tp

)− 1
p dt,

arctanhp(x) =
x∫

0

(
1 − tp

)−1
dt.

These functions are the generalizations of the usual elementary inverse trigonometric and hyperbolic func-
tions and are the inverse of the so-called generalized trigonometric and hyperbolic functions, introduced by
P. Lindqvist [16], see also [10,12,17,23] for more details. Recently, there has been a vivid interest on the
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