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We study the p-harmonic flow from the unit disk D2 to the unit sphere S2 under
rotational symmetry. We show that the Dirichlet problem with constant boundary
condition is locally well-posed in the class of classical solutions and we also give
a sufficient criterion, in terms of the boundary condition, for the derivative of the
solutions to blow-up in finite time.
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1. Introduction and main results

In this paper we will focus on the following system of PDEs

ut = div
(
|∇u|p−2∇u

)
+ u|∇u|p, (1.1)

where p > 1 and u : Ω �→ SN , with Ω being an open domain in R
N and SN the unit sphere of R

N+1.
This system of PDEs is called the p-harmonic flow and it corresponds to the gradient flow in L2(Ω) of the
following energy functional:

Ep(u) := 1
p

∫
Ω

|∇u|p dx. (1.2)
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Apart from the interest on the results of the competition between the two effects appearing in the system
(diffusion and reaction), (1.1) arises from a number of applications: ferromagnetism [6], theory of liquid
crystals [12], multigrain problems [15] and image processing [18].

We study the Dirichlet problem for (1.1) with boundary condition u(t, x) = u0(x) for (t, x) ∈ ∂Q, where
Q := (0,∞) × Ω. Related to this problem, there are several previous results for the semilinear diffusion
case p = 2, as in [2,3], and also for p > 1 [4,7,13,17]. A special case in the analysis, with some particular
mathematical features due to lack of sufficient regularity, is the limit case p = 1, intensively studied recently;
indeed, local well-posedness, steady states and either the appearance of finite time blow-up or the existence
of global solutions were studied under the hypothesis of rotational symmetry in [5,10,11]; in particular, the
most interesting feature that has been found is the occurrence of blow-up in finite time of the derivative.
The Neumann problem for p = 1 has been investigated recently in [8,9].

In a previous work [14], the authors studied the rotationally symmetric steady states corresponding to
the system for 1 < p < ∞, M = S2, the unit sphere in R

3, Ω = D2, the unit disk in R
2. A rotationally

symmetric solution to (1.1) has the general form

u(t, x) =
(
x1

r
sinh(t, r), x2

r
sin h(t, r), cosh(t, r)

)
, r = |x|, x = (x1, x2) ∈ D2, (1.3)

and the Dirichlet boundary condition h(t, 1) = h(0, 1) = l. The energy functional Ep in (1.2) becomes

Ep(u) =
1∫

0

Lp(r, h, hr) dr, (1.4)

with a non-coercive Lagrangian given by

Lp(r, s, ξ) =
(
r2/ph2

r + r(2−2p)/p sin2 h
)p/2

.

By replacing u in (1.1) by its special form (1.3), the system (1.1) becomes

ht =
(
h2
r + sin2h

r2

)(p−4)/2[
(p− 1)h2

rhrr + (p− 3)
(
h2
r sinh cosh

r2 − hr sin2 h

r3

)

+ h3
r

r
+ hrr sin2 h

r2 − sin3 h cosh
r4

]
, (1.5)

see [14, p. 3930] for details. In our previous work, we studied and classified the steady states for (1.5), for
all 1 < p < ∞.

In the present paper we continue the study of the rotationally symmetric flows begun in [14], and we
devote it to some qualitative properties of the solution u to (1.1), or equivalently, h solution to (1.5), such
as existence and well-posedness for short times, regularity of solutions and conditions for the phenomenon
of blow-up in finite time to occur. We restrict ourselves to the fast diffusion range 1 < p < 2, since, for the
range p � 2, it has been shown in [7] that strong solutions exist globally for any initial datum, they are
Hölder continuous and they converge to a steady-state as t → +∞. A similar result for the range 1 < p < 2
was also obtained in [7] but with a condition of small energy on the initial datum. We point out that our
approach and results are totally different to those in [7]. First of all, we obtain local existence of classical
solutions for any initial datum and secondly, we give a sufficient condition on the boundary constraint for
classical solutions ceasing to exist in finite time.
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