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It is well-known that the equality

LG � LH = span{Lg: g ∈ G−H}SOT

holds for G an i.c.c. group and H a subgroup in G, where LG and LH are the
corresponding group von Neumann algebras and LG � LH is the set {x ∈ LG:
ELH

(x) = 0} with ELH
the conditional expectation defined from LG onto LH .

Inspired by this, it is natural to ask whether the equality

N �A = span{u: u is unitary in N �A}SOT

holds for N a type II1 factor and A a von Neumann subalgebra of N . In this paper,
we give an affirmative answer to this question for the case A a type I von Neumann
algebra.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Throughout this paper, all Hilbert spaces discussed are complex and separable. Let (N, τ) be a finite
von Neumann algebra with a faithful normal normalized trace τ and A be a von Neumann subalgebra
of N . Then the trace τ induces an inner product 〈·,·〉 on N which is defined by 〈x, y〉 = τ(y∗x), ∀x, y ∈ N .
Denote by L2(N) (resp. L2(A)) the completion of N (resp. A) with respect to the inner product, then
L2(A) is a subspace of L2(N). Let eA denote the projection from L2(N) onto L2(A). The trace-preserving
conditional expectation EA of N onto A is defined to be the restriction eA|N . By [2], EA has the following
properties:
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(1) eA|N = EA is a norm reducing map from N onto A with EA(1) = 1;
(2) the equality EA(axb) = aEA(x)b holds for all x ∈ N and a, b ∈ A;
(3) τ(xEA(y)) = τ(EA(x)EA(y)) = τ(EA(x)y) for all x, y ∈ N ;
(4) eAxeA = EA(x)eA = eAEA(x) for all x ∈ N .

Let G be a (countable) discrete i.c.c. group and denote by l2(G) the Hilbert space of square-summable
sequences. Given every g in G, the operator Lg is defined by (Lgx)(h) = x(g−1h), for every x in l2(G) and
h in G. This is a unitary operator. Let LG be the von Neumann algebra generated by {Lg: g ∈ G}. It is
well-known that LG is a type II1 factor. For a subgroup H in G, define

LG � LH �
{
x ∈ LG: ELH

(x) = 0
}
.

Thus we obtain that

LG � LH = span{Lg: g ∈ G−H}SOT.

Inspired by this, it is natural to ask whether the equality

N �A = span{u: u is unitary in N �A}SOT

holds for N a type II1 factor and A a von Neumann subalgebra of N . In this paper, we give an affirmative
answer to this question for the case A a type I von Neumann algebra in Theorem 2.6.

In [1], A. Ioana, J. Peterson and S. Popa proved a series of rigidity results for amalgamated free prod-
uct II1 factors, which can be viewed as von Neumann algebra versions of the “subgroup theorems” and
“isomorphism theorems” for amalgamated free product groups in Bass–Serre theory. They introduced the
concept “bounded homogeneous orthonormal basis” of M over B, where (M, τ) is a separable finite von Neu-
mann algebra and B ⊂ M is a von Neumann subalgebra. In the current paper, our result indicates that it
is possible to choose unitary elements to form a bounded homogeneous orthonormal basis with respect to a
type I von Neumann subalgebra of M .

2. Proofs

In this paper, the matrix representations of operators will be used frequently. We briefly recall the relation-
ship between conditional expectations with respect to matrix representations of operators. Let e1, . . . , en ∈ N

be mutually equivalent orthogonal projections such that
∑n

i=1 ei = 1, where 1 is the identity of N . Then
for every x ∈ N , we can express x in the form

x =

⎛⎜⎝ x11 · · · x1n
...

. . .
...

xn1 · · · xnn

⎞⎟⎠ ran e1
...

ran en

and there exists a ∗-isomorphism ϕ from N onto Mn(Ne1), where Ne1 is the restriction of e1Ne1 on ran e1
and denote by Mn(Ne1) the set n-by-n matrices with entries in Ne1 . On the other hand, let τ be a faithful
normal normalized trace on N , and the trace τn on Mn(N) is defined by τn(x) = 1

n (
∑n

i=1 τ(xii)), where x

in Mn(N) is of the form

x =

⎛⎜⎝ x11 · · · x1n
...

. . .
...

xn1 · · · xnn

⎞⎟⎠
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