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The purpose of this article is to prove Young and Heinz inequalities for τ -measurable
operators.
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1. Introduction

Let Mn(C) be the space of n×n complex matrices. Let |||·||| denote any unitarily invariant (or symmetric)
norm on Mn(C), that is to say, |||UAV ||| = |||A||| for all A ∈ Mn(C) and for all unitary matrices U ,
V ∈ Mn(C). In 1979, McIntosh [3] proved that for any unitary invariant norm Heinz inequality for matrices
holds. Using the refinements of the classical Young inequality for positive real numbers, Kittaneh and
Manasrah [2] established improved Young and Heinz inequalities for matrices.

In this paper we consider the noncommutative Lp-spaces of τ -measurable operators affiliated with a
semi-finite von Neumann algebra equipped with a normal faithful semi-finite trace τ . We use the method
of Kittaneh and Manasrah, via the notion of generalized singular value studied by Fack and Kosaki [1], to
obtain generalizations of results in [2] for τ -measurable operators case.

2. Preliminaries

Throughout the paper we denote by M a semi-finite von Neumann algebra acting on the Hilbert space H,
with a normal faithful semi-finite trace τ . We denote the identity in M by 1 and let P denote the projection
lattice of M. A closed densely defined linear operator x in H with domain D(x) ⊆ H is said to be affiliated
with M if u∗xu = x for all unitary u which belong to the commutant M′ of M. If x is affiliated with M,
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then x is said to be τ -measurable if for every ε > 0 there exists a projection e ∈ M such that e(H) ⊆ D(x)
and τ(1 − e) < ε. The set of all τ -measurable operators will be denoted by L0(M, τ), or simply L0(M).
The set L0(M) is a ∗-algebra with sum and product being the respective closures of the algebraic sum
and product. A closed densely defined linear operator x admits a unique polar decomposition x = u|x|,
where u is a partial isometry such that u∗u = (ker x)⊥ and uu∗ = im x (with im x = x(D(x))). We call
r(x) = (ker x)⊥ and l(x) = im x the left and right supports of x, respectively. Thus l(x) ∼ r(x). Moreover,
if x is self-adjoint, we let s(x) = r(x), the support of x.

Let M+ be the positive part of M. Set S+(M) = {x ∈ M+: τ(s(x)) < ∞} and let S(M) be the linear
span of S+(M), we will often abbreviate S+(M) and S(M) respectively as S+ and S. Let 0 < p < ∞,
the noncommutative Lp-space Lp(M, τ) is the completion of (S, ‖ · ‖p), where ‖x‖p = τ(|x|p) 1

p < ∞,
∀x ∈ Lp(M, τ). In addition, we put L∞(M, τ) = M and denote by ‖ · ‖∞(= ‖ · ‖) the usual operator norm.
It is well known that Lp(M, τ) are Banach spaces under ‖·‖p for 1 � p < ∞ and they have a lot of expected
properties of classical Lp-spaces (see [4] or [5]).

Let x be a τ -measurable operator and t > 0. The “t-th singular number (or generalized s-number) of x”
is defined by

μt(x) = inf
{
‖xe‖: e ∈ P, τ(1 − e) � t

}
.

See [1] for basic properties and detailed information on the generalized s-numbers.
To achieve one of our main results, we state for easy reference the following fact obtaining from [6] that

will be applied below.

Lemma 2.1. Let x, y ∈ Lp(M) be positive operators with 1 � p < ∞ and let z ∈ M, then

∥∥xvzy1−v
∥∥
p

� ‖xz‖vp · ‖zy‖1−v
p , 0 � v � 1.

3. Main results

First, we generalize the improved Young inequality in [2] for positive τ -measurable operators case.

Theorem 3.1. Let x, y ∈ L1(M) be positive operators and let 0 � v � 1, then

τ
(
xvy1−v

)
+ r0
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τ(x)

) 1
2 −

(
τ(y)

) 1
2
)2 � τ

(
vx + (1 − v)y

)
,

where r0 = min{v, 1 − v}.

Proof. By Theorem 2.1 of [2] we have

vμt(x) + (1 − v)μt(y) � μt(x)vμt(y)1−v + r0
(
μt(x) 1

2 − μt(y)
1
2
)2
, ∀ t > 0.

Thus, together Lemma 4.2 of [1] with Hölder type inequality we get
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