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We construct an explicit representation of viscosity solutions of the Cauchy problem for
the Hamilton–Jacobi equation (H,σ ) on a given domain Ω = (0, T ) ×R

n . It is known that,
if the Hamiltonian H = H(t, p) is not a convex (or concave) function in p, or H(·, p) may
change its sign on (0, T ), then the Hopf-type formula does not define a viscosity solution
on Ω . Under some assumptions for H(t, p) on the subdomains (ti, ti+1) × R

n ⊂ Ω , we
are able to arrange “partial solutions” given by the Hopf-type formula to get a viscosity
solution on Ω . Then we study the semiconvexity of the solution as well as its relations to
characteristics.

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

This paper is devoted to constructing a representation formula for viscosity solutions of the Cauchy problem for the
Hamilton–Jacobi equation (H, σ ) of the form

∂u

∂t
+ H(t, x, Dxu) = 0, (t, x) ∈ Ω = (0, T ) ×R

n, (1.1)

u(0, x) = σ(x), x ∈R
n. (1.2)

The classical Hopf–Lax–Oleinik formula plays an important role in studying properties of solutions of problem (1.1)–(1.2),
where H = H(p). For general Hamiltonians H = H(t, x, p), generalized solutions of the above problem have been established
as value functions of the associated variational problems; see [1,5,9] and references therein. In most cases, Hamiltonians
used to construct the formulas are concerned with the convexity (or concavity) in the global setting. This may meet re-
quirements of calculus of variations or optimal control problems but in differential games, Hamiltonians are neither convex
nor concave in general. In [3] the authors presented explicit estimates below and above of the form “maxmin” and “minmax”
for the viscosity solutions where either the Hamiltonians or the initial data are the sum of a convex and a concave function.
If these estimates are equal, then a representation formula for the solution is obtained; see also [4]. To best our knowl-
edge, until now, no explicit representation formula of global solutions of Hamilton–Jacobi equations without concerning the
convexity/concavity or its related versions has been constructed.
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We use the following notations which are standard in the field of nonlinear PDEs. For a positive real number T , denote
Ω = (0, T )×R

n . Let |.| and 〈.,.〉 be the Euclidean norm and the scalar product in R
n , respectively. For a function u : Ω →R,

we denote by Dxu the gradient of u with respect to variable x, i.e., Dxu = (ux1 , . . . , uxn ).
A continuous functions u : [0, T ] ×R

n → R is called a viscosity solution of the Cauchy problem (1.1)–(1.2) on Ω provided
that the following hold:

(i) u(0, x) = σ(x) for all x ∈ R
n;

(ii) For each v ∈ C1(Ω), if u − v has a local maximum at a point (t0, x0) ∈ Ω , then

vt(t0, x0) + H
(
t0, x0, Dx v(t0, x0)

)
� 0, (1.3)

and if u − v has a local minimum at a point (t0, x0) ∈ Ω , then

vt(t0, x0) + H
(
t0, x0, Dx v(t0, x0)

)
� 0. (1.4)

If the continuous function u satisfies (i) and (ii)-(1.3) (resp. (ii)-(1.4)), then it is called a viscosity subsolution (resp.
supersolution) of the problem (1.1)–(1.2). A such C1-function v in the definition is called a test function for the viscosity
solution.

Note that the notion of viscosity solution of Hamilton–Jacobi equation was originally presented by M.G. Crandall and
P.L. Lions [7]. The prominent monograph of P.L. Lions [10] has a great impact in the development of theory of viscosity
solutions. In [2] M. Bardi and L.C. Evans proved that Hopf–Lax and Hopf formulas are viscosity solutions of the problem
(1.1)–(1.2) where H = H(p) or σ is convex. These are the first results on the explicit representation of the viscosity solutions
of Hamilton–Jacobi equations.

In this paper, we consider nonautonomous Hamilton–Jacobi equations in a new situation. We suppose that the behavior
of the Hamiltonian H(t, x, p) may vary on each subdomain [ti, ti+1] ×R

n ×R
n of the domain [0, T ] ×R

n ×R
n , where

0 = t1 < t2 < · · · < tk = T .

For example, H(t, x, ·) may be convex for all (t, x) ∈ [ti−1, ti]×R
n , and then H(t, x, ·) changes into a concave function in the

successive subdomain (t, x) ∈ [ti, ti+1] ×R
n .

The paper is structured as follows. In Section 2, we introduce a way to joint viscosity solutions of problem (1.1)–(1.2) on
subregions of the form [ti, ti+1] ×R

n in order to obtain a global solution called a “layered viscosity solution” of the problem
as a whole. The proof is based on a key technique called “extrema at the terminal time”, an important lemma in [8,6].
In Section 3, we examine the case where the Hamiltonian H = H(t, p) is not necessarily convex or concave but the initial
data σ(x) is convex. Under some assumptions on the given data, we use the Hopf-type formula for “partial solutions” on
subdomain [ti, ti+1] ×R

n

ui(t, x) = max
q∈Rn

{
〈x,q〉 − σ ∗

i (q) −
t∫

ti

H(τ ,q)dτ

}
,

where σ ∗
i is the Fenchel conjugate of the convex initial data σi , to build a layered viscosity solution of the Cauchy problem

on the whole domain. We also prove that the obtained viscosity solution inherits the semiconvexity analogous to “partial
solutions”. In Section 4, we study relations between the Hopf-type formula and the layered viscosity solution as well as its
singularity based on the semiconvexity of the solution u(t, x) in connection with the characteristics.

2. Layered viscosity solution in general cases

Consider the nonlinear first order partial differential equation F (x, w, D w) = 0 on a domain O ⊂ R
m , where F :O×R×

R
m → R is a continuous function. Suppose that O can be divided in two open subsets O1 and O2 by a C1 surface Γ , that

is O = O1 ∪ O2 ∪ Γ , then several compatible conditions can be added on Oi and Γ , as well as on C1-solutions wi of the
equation F (x, w, D w) = 0 on Oi ∪ Γ for i = 1,2, to get a viscosity solution on entire O; see [6, Theorem 1.3]. However, in
a specific case of the Cauchy problem, the situation seems to be rather simple as follows.

Theorem 2.1. Let H(t, x, p) be a continuous function on [0, T ] × R
n × R

n and let σ1(x),σ2(x) be continuous functions on R
n. For

t1 ∈ (0, T ), consider the following Cauchy problems:{
ut + H(t, x, Dxu) = 0, (t, x) ∈ Ω1 = (0, t1) ×R

n,

u(0, x) = σ1(x), x ∈R
n,

(2.1)

and {
ut + H(t, x, Dxu) = 0, (t, x) ∈ Ω2 = (t1, T ) ×R

n,

u(t1, x) = σ2(x), x ∈R
n.

(2.2)
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