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a b s t r a c t

In this paper, we will determine the fundamental solution for the higher spin Dirac
operator Qλ, which is a generalisation of the classical Rarita–Schwinger operator to more
complicated irreducible (half-integer) representations for the spin group inm dimensions.
This will allow us to generalise the Stokes theorem, the Cauchy–Pompeiu theorem and the
Cauchy integral formula, which lie at the very heart of the function theory behind arbitrary
elliptic higher spin operators.

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

This article is to be situated in the theory of Clifford analysis, a generalisation of classical complex analysis in the plane
to the case of an arbitrary dimension m ∈ Z (in the case of a negative dimension, one is dealing with so-called super-
Clifford analysis). At the heart of the theory lies the Dirac operator ∂x on Rm, a conformally invariant first-order differential
operatorwhich plays the same role in classical Clifford analysis as the Cauchy–Riemannoperator ∂z does in complex analysis.
Moreover, the Dirac operator satisfies the relation ∂2x = −∆x, whichmeans that Clifford analysis can be seen as a refinement
of harmonic analysis on Rm.

The classical theory is centred around the study of functions on Rm which take values in the complex Clifford algebra
Cm or a corresponding Spin(m)-subrepresentation, known as the spinor spaces (cf. [1,6,10]). In recent years, several authors
[2–4,8] have been studying generalisations of classical Clifford analysis techniques to the so-called higher spin theory. This
brings us to higher spin Dirac operators (or HSD-operators for short): generalised Dirac operators acting on functions on
Rm, which take values in arbitrary irreducible representations S±

λ of the Spin(m)-group, with dominant half-integer highest
weights. An explicit expression for these HSD-operators, which can be seen as generalised gradients in the sense of Stein
andWeiss, was determined in [7]. The first generalisation appearing in Clifford analysis was the Rarita–Schwinger operator,
originally inspired by equations coming from theoretical physics (see [12]). In the present context it is considered as the
conformally invariant operator acting on functions taking values in S±

1 (see below for a definition).
In classical Clifford analysis, the Cauchy integral formula has proved to be a cornerstone of the function theory: it can

be used to decompose arbitrary null solutions for the Dirac operator into homogeneous components and forms the basis
for developing boundary value theory. This article explains how a higher spin version of this formula can be obtained.
Cauchy integral formulae naturally rely upon the existence of a fundamental solution for the (higher spin) Dirac operator.
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That is why, in the first place, a fundamental solution for Qλ will be constructed, here relying on results from distribution
theory. Also, this will lead to a generalised Stokes theorem and a Cauchy–Pompeiu theorem.

2. On Clifford analysis

The universal Clifford algebra Rm is the associative algebra generated by an orthonormal basis (e1, . . . , em) for Rm.
The multiplication in the Clifford algebra is governed by the relations eiej + ejei = −2δij, for all i, j ∈ {1, . . . ,m}. The
complexification of Rm is defined by Cm = Rm ⊗ C. Let eA be a basis element of Cm, defined as eA = ei1 · ei2 · . . . · eih , with
i1 < i2 < · · · < ih. The reversion or main anti-involution a → a∗ is defined on basis elements by means of e∗

A = eih · . . . · ei1 ,
and is then linearly extended to the entire Clifford algebra Cm:

(aAeA + aBeB)∗ = aAe∗

A + aBe∗

B,

for all aA, aB ∈ C. This anti-involution has the property that (ab)∗ = b∗a∗ for all a, b ∈ Cm. Analogously, we can define the
Hermitean conjugation a → aĎ. On the basis elements eA, it is defined by means of eĎA = (−1)he∗

A = (−1)heih · . . . · ei1 , and
it is then extended anti-linearly:

(aAeA + aBeB)Ď = aAe
Ď
A + aBe

Ď
B,

for all aA, aB ∈ C. Here, · denotes the complex conjugation. An alternative basis for Cm, which will turn out to be very
convenient for introducing the spinor spaces, is the so-called Witt basis:

Definition 1. The Witt basis in C2n is defined by means of
fj, f

Ď
j


:=


ej − iej+n

2
,−

ej + iej+n

2


,

where 1 ≤ j ≤ n.

This basis has the properties that fjfk = −fkfj, f
Ď
j f

Ď
k = −f

Ď
kf

Ď
j and fjf

Ď
k + f

Ď
kfj = δjk. In terms of these basis elements, one can

then define the idempotent I = f1f
Ď
1 · · · fnf

Ď
n, satisfying I2 = I . We will now introduce the spinor space(s) S±

2n, vector spaces
carrying the basic half-integer representations for the Spin(m)-group, which can be realised inside the Clifford algebra Cm
by means of

Spin(m) :=


s =

2k
j=1

ωj : k ∈ N, ωj ∈ Sm−1


,

where Sm−1 denotes the unit sphere in Rm. Note that the parity sign will only play a role in the case where the dimension
m = 2n is even. First of all, we define the complex vector space S2n = C2nI . This space carries a canonical multiplicative
action of the Clifford algebra C2n, denoted by γ : C2n → End(S2n) and defined by means of γ (a)[ψ] = aψ , for all a ∈ C2n
and ψ ∈ S2n. As Spin(2n) ⊂ C2n, we can now also restrict this representation for C2n to the spin group. However, as each
element of Spin(2n) belongs to the even subalgebra C+

2n of C2n, the restriction of γ to Spin(2n) splits into two irreducible
subrepresentations (the so-called spinor representations), given by

ρ± : Spin(2n) → Aut(S±

2n),

where S2n = S+

2n ⊕S−

2n, and S±2n are the graded subspaces of S2n. The highest weights for these representations are the basic
half-integer highestweights ( 12 , . . . ,

1
2 ,±

1
2 ). In the casewhere the dimensionm = 2n+1 is odd, there exists a unique spinor

representation for Spin(m), which amounts to saying that the parity index can be omitted. To define this representation, we
first note that Spin(2n+ 1) ⊂ C+

2n+1
∼= C2n, where the algebra isomorphism can be defined in terms of the basis vectors by

means of

ψ : C2n → C+

2n+1 : ej → ejem (1 ≤ j ≤ 2n).

Using this isomorphism, we can define the spinor representation for Spin(2n + 1) as follows:

ρ : Spin(2n + 1) → Aut(S2n) : s → γ

ψ−1(s)


.

Another option is to define the action of Spin(2n + 1) on S±

2n+2, taking into account that both spinor spaces then become
isomorphic. Note that we will from now on omit the dimension in the notation for spinor spaces, and write S± instead of
S±2n . The parity index should then be omitted in the case wherem = 2n + 1 is odd.

As was mentioned in the introduction, the Dirac operator is a key operator in Clifford analysis (cf. [1,6,10]). It is defined
by means of

∂x :=

m
j=1

ej∂xj ∈ HomC

C∞(Rm, S±),C∞(Rm, S∓)


.
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