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1. Introduction

Let u be a Borel probability measure on R. We say that u is a spectral measure if there exists a discrete set A such that
E, = {e¥™X . A e A} forms an orthonormal basis of L?(j4). In this case, we call A a spectrum of x and (i, A) a spectral
pair, respectively.

Jorgenson and Pederson [4]studied the spectral property of general Cantor measures. They proved that the 1/k-Cantor
measure /41, on R is a spectral measure if k is even (Strichartz provided a simplified proof in [9]). This result was investigated
by Laba and Wang in more details in [5] and for the general Borel measures in [6].

Hu and Lau [3] further studied the spectral property of Bernoulli convolutions. They proved that the necessary and
sufficient condition that the Bernoulli convolution has an infinite orthonormal set E, of exponential functions is that the
contraction ratio p is the n-th root of a fraction p/q, where p is odd and q is even. Recently, Dai [1] proved that the Bernoulli
convolution has an orthonormal basis E 4 of exponential functions if and only if the contraction ratio p is the reciprocal of
an even integer.

Motivated by the above results, we study the spectral property of one dimensional self-similar measures with consecutive
digits.

Let p be a real number such that 0 < |p| < 1, it is well known that for any positive integer m > 2, there exists a unique
probability measure, denoted by u,, such that

1 m—1
o) = — > 1p(p™" () =) (1.1)
j=0

for all Borel set A € B. u,, is called a self-similar measure.
For the self-similar measure p, defined in (1.1), our main theorem is as follows.
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Theorem 1.1. If m is a prime, then [2 () contains an orthonormal basis of exponential functions only if p = j:# for some
ke N

This is an extension of the result of [1].
On the other hand, Dai etc. proved that L? (14 /mk) contains an orthonormal basis of exponential functions for any k € N

in [2]. It is easy to see that L?(j1_q /mk) also contains an orthonormal basis of exponential functions for any k € N. Hence we
have the following.

Theorem A. If m is a prime, then L?(w,) contains an orthonormal basis of exponential functions if and only if p = :l:ﬁ for
some k € N.

Remarks. Theorem 1.1 indicates that the main theorems of [3,1] also hold for —1 < p < 0. Our proof of Theorem 1.1
strongly depends on the structure of the zeros of fi,. The set of zeros of i, will be very complicated if the digit set is
replaced by a non-consecutive digit set. So far, we do not know how to deal with the case of non-consecutive digits. Also,
some of our proofs do not work when m is not a prime. For integral self-affine measures, Li studied the spectrality of a class
of planar self-affine measures with decomposable digit sets in [7] and with three non-consecutive digit set in [8].

If we only consider the existence of infinite orthonormal set of exponential functions, we have the following theorem
which is an extension of the result of [3].
Theorem 1.2. Assume m is a prime, then L?(i1,,) contains an infinite orthonormal set of exponential functions if and only if
p = %(q/p)V/" for some p, q, r € N with the properties: p, q are co-prime and m|p.

Since E 4 forms an orthonormal set in L2 (u,) ifand only if E¢ 4 forms an orthonormal set in 12 (up) forany fixed t € R4,
For simplicity we assume that 0 € A throughout this paper.
Notations. We will use the following notations. Let Z be the set of all integers, let N be the set of all positive integers. For

anyx,y € Zandr € N, we use X = y(mod r) to denotex —y € rZ.

For the iterated function system {Sj}j”;)] with Sj(x) = p(x + j) and the associated j, defined in (1.1), let fi,(t) =
[ e*™dy , (x) be the Fourier transform of 1 ,. Define

Z,={teR:,(t) =0}
to be the set of zeros of /i, (t). Let
0 ={+@/p'"" :p,q.r €N},

It is clear that 8 € Q if and only if | 8| is an algebraic rational with a minimal polynomial px" — q for some p, q,r € N.
Throughout this paper, we always use

Eap = (¥ . ) e A),
to denote an orthonormal set of exponential functions in L2 (u »)» Where A is a subset of R containing 0. For this A, we define

Q) =Y 1A, — DI,

reA

We organize the paper as follows. Some preliminary lemmas are given in Section 2. Section 3 is devoted to prove
Theorem 1.2. While Theorem 1.1 is proven in Section 4.

2. Some preliminary lemmas

We first give some preliminary results associated with the self-similar measure 1 ,. Then we will use them to prove
Theorems 1.1 and 1.2 in Sections 3 and 4, respectively.
It is easy to prove the following.

Lemma 2.1. Let [1,,(t) be the Fourier transform of the self-similar measure 11, defined in (1.1), then

n 1 m—1 o
ro® =11 [m Z(ez’”’k“y} fo(p"t) (21)

k=1 j=0

for all positive integers n > 0.

Lemma22. Z, = {m%k :keN,leZ\mz).
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