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using sufficiently precise lower and upper solutions, we prove the existence of a periodic
solution with an interior layer and estimate the accuracy of its asymptotics. Moreover, we
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1. Statement of the problem. Construction of formal asymptotics

We consider the singularly perturbed periodic boundary value problem

9%u  du

au
N:(u) :==¢ (W - 5) —A(u, x, t) i B(u,x,t) =0

for(x,t) e D =={(x,t) eR*: =1 <x < 1,t € R}, (1.1)
u(—=1,t,e) =u2@), u(,t,e)=uP (@) forteR,
ux,t,e) =ux,t+T,e) forteR, —1<x<1

fore €I, :== {0 < & < &p}, 0 < &9 < 1.The functions A, B, u~ and u™" are sufficiently smooth and T-periodic in t.

Our goal is to establish the existence of a solution of problem (1.1) with an interior layer with respect to x and to determine
the stability of this solution. For this purpose we construct sufficiently precise asymptotic lower and upper solutions and
apply the results from [5], where we developed an approach to investigate the asymptotic stability of periodic solutions to
singularly perturbed reaction-advection-diffusion equations by using the theorem of Krein-Rutman. The construction of
lower and upper solutions is based on the construction of a formal asymptotic approximation of the solution to (1.1) and
develops further the approach used in the papers [3,4,10].
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1.1. Assumptions

We consider problem (1.1) under the following assumptions:
(Ag) A, B, u™ and u™ are sufficiently smooth and T-periodic in t.

If we put e = 0in Eq. (1.1) we get the so-called degenerate equation

0
Am&ﬂ53+Mm&0=Q (1.2)
X

where t has to be considered as a parameter. Eq. (1.2) is a first order ordinary differential equation and will be studied with
one of the following initial conditions from problem (1.1):

u(=1,6) =u2 @) fort e R, (1.3)
u(1,t) = u () fort € R. (1.4)
Concerning these initial value problems we assume the following:

(A1) The problems (1.2), (1.3) and (1.2), (1.4) have the solutions u = ¢ (x, t) and u = ¢*)(x, t), respectively, which are
defined for (x, t) € D, are T-periodic in t and satisfy

e, t) <P (x,t) for(x,t) € D,
AP x, t),x,t) <0, AT (x, t),x,t) >0 for(x,t) € D.

To formulate the next assumptions we introduce the function I(x, t) by
(pH—) (x.t)
I(x, t) == / A(u, x, t)du
P (.0
and suppose

(A3) The equation
I(x,t) =0 (1.5)
has a smooth solution x = xq(t) which is T-periodic and obeys the conditions

—1 <x9(t) <1 fort e R,

N
/ Au, xo(t), t)du > 0 foranys € (¢ (xo(0), 1), 9 (xo(t), 1)) and for ¢ € R.
e (xo(0),0)

(A3) The root xq(t) of Eq. (1.5) satisfies the condition
al
—(xo(t),t) <0 fort e R,
ax

that is, X9 (t) is a simple root for all t € R.

Remark 1.1. Our goal is for sufficiently small ¢ to establish a solution to problem (1.1) that stays near ¢ (x, t) for x < xo(t)
and near o™ (x, t) for x > xo(t), and is a solution with an interior layer near x(t).

Our main result is the following theorem.

Theorem 1.1. Let the assumptions (Ag)-(As3) be satisfied. Then, for sufficiently small e, there exists a solution u(x, t, €) of prob-
lem (1.1) such that for any small but fixed § we have the limit relation

e (x, t) forx €[0,x(t) — 8], t € R,

I t,e) =
Hmu. £, €) {so(”(x,t) forx € [xo(t) + 8,11, t €R,

and is asymptotically stable in the sense of Lyapunov.

We get a more precise description of the solution with an interior layer in Section 3.
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