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a b s t r a c t

In this paper, we establish some existence results of the solutions for several multivalued
variational inequalities involving elements belonging to a class of operators that was
recently introduced in the literature. As applicationsweobtain somenewcoincidencepoint
results in Hilbert spaces.
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1. Introduction

A considerable number of results that guarantee the existence of coincidence points for pairs of mappings are based on
some generalizations of the Banach contraction principle (see for instance [1,3] and the references therein). In this paper
we obtain some coincidence point results in Hilbert spaces without making use of any generalized contraction mapping.
Our results are based on the existence of solutions of some variational inequalities involving operators belonging to a class,
the class of operators of type ql that was recently introduced in [14]. Moreover, we show by an example that our results fail
outside of this class.

Let X and Y be two arbitrary sets and f : X −→ Y , T : X ⇒ Y be two given mappings. We say that a point x ∈ X is a
coincidence point of f and T if f (x) ∈ T (x).

Coincidence theory (the study of coincidence points) is, in most settings, a generalization of fixed point theory, the study
of points xwith x ∈ T (x). Indeed, a fixed point is the special case obtained from the coincidence point by letting X = Y and
taking f to be the identity mapping. We show in the last section, that Kakutani’s fixed point theorem is a particular case of
our coincidence point results.

The variational inequality theory provides very powerful techniques for studying problems arising in mechanics,
optimization, transportation, economics equilibrium, contact problems in elasticity, and other branches of mathematics
(see, for instance [9,19,22,24]).

In recent years, many generalizations of variational inequalities have been considered, studied and applied in various
directions (see, for instance [2,15,20,23,24]).

Let H be a real Hilbert space and let C(H) be the family of all nonempty compact subsets of H. Let T : H −→ C(H) be
a set-valued operator, and let f : H −→ H be a single-valued operator. Let K be a nonempty, closed, and convex set in H.
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Consider the problem of finding x ∈ H, f (x) ∈ K , u ∈ T (x) such that

⟨u, f (y) − f (x)⟩ ≥ 0, ∀ f (y) ∈ K .

This problem is called a multivalued variational inequality. It has been shown, that a wide class of multivalued odd-order
and nonsymmetric free, obstacle, moving equilibrium and optimization problems arising in pure and applied sciences can
be studied via the multivalued variational inequality (see [20]).

In what follows we extend this problem to Banach spaces. Let X be a real Banach space and X∗ be the topological dual of
X . We denote by ⟨x∗, x⟩ the value of the linear and continuous functional x∗

∈ X∗ in x ∈ X . Let K ⊆ X be nonempty and let
T : K ⇒ X∗ and f : K −→ X be given operators. Consider the following problems. Find an element x ∈ K , such that

∀ y ∈ K ∃ u ∈ T (x) : ⟨u, f (y) − f (x)⟩ ≥ 0, (1)
∃ u ∈ T (x) : ∀ y ∈ K ⟨u, f (y) − f (x)⟩ ≥ 0, (2)
∀ y ∈ K ∀ v ∈ T (y) : ⟨v, f (y) − f (x)⟩ ≥ 0. (3)

It can be easily observed that if T is single valued, then (1), respectively (2) reduce to the general variational inequality of
Stampacchia type, VIS(T , f , K), which consists in finding an element x ∈ K , such that ⟨T (x), f (y) − f (x)⟩ ≥ 0, for all y ∈ K
(see [14]). Let us denote by Sw(T , f , K), respectively by S(T , f , K) the set of solutions of (1), respectively the set of solutions
of (2).

It is also obvious that if T is single valued, then (3) reduces to the general variational inequality ofMinty type,VIM(T , f , K),
which consists in finding an element x ∈ K , such that ⟨T (y), f (y) − f (x)⟩ ≥ 0, for ally ∈ K (see [14]). Let us denote by
M(T , f , K) the set of solutions of (3).

In the present paper we give some existence results for the solutions of the problems (1)–(3). Beside our applications to
coincidence point results, existence results for problems (1)–(3) will be helpful in the sense that one would like to know if a
solution of problems (1)–(3) exists before one actually devises some plausible algorithms for solving the problems (1)–(3).
The paper is organized as follows. In Section 2 we state some preliminary results that will be used throughout this paper.
We state and prove a useful adaptation of KKM principle, in Banach spaces. In Section 3 we prove the main results of this
paper concerning existence results of solution for the problems (1)–(3). By an example we show, that our results are the
best possible in some sense, that is, if we drop the assumption that the operators f is of type ql in the hypothesis of our main
theorems their conclusion fail. Finally, as applications of the results obtained, in Section 4 we provide some coincidence
point results in Hilbert spaces.

2. Preliminaries

In order to continue our analysis we need the following notion. Let X1, respectively X2 be Hausdorff topological spaces
and let T : X1 ⇒ X2 be a set-valued operator with nonempty values. T is said to be upper semicontinuous if, for every x0 ∈ X1
and for every open set N containing T (x0), there exists a neighborhoodM of x0 such that T (M) ⊆ N .

We have the following characterization of upper semicontinuity (see [18]).

Lemma 2.1. If T is compact-valued, then T is upper semicontinuous if and only if, for every net (xi) ⊆ X1 such that xi −→ x0 ∈

X1 and for every zi ∈ T (xi), there exist z0 ∈ T (x0) and a subnet (zij) of (zi) such that zij −→ z0 (see also [8]). If X1, respectively
X2 are metric spaces, instead of nets one can consider sequences (see [21]).

Let X and Y be two Banach spaces. Recall that an operator T : X −→ Y is called weak to norm-sequentially continuous
at x ∈ X , if for every sequence (xn) that converges weakly to x, we have that T (xn) converges to T (x) in the topology of the
norm of Y . An operator T : X ⇒ Y is said to be weak to weak∗ upper semicontinuous if, for every x0 ∈ X and for every open
set N ⊆ Y , in the weak∗ topology of Y , containing T (x0), there exists a neighborhood M of x0, in the weak topology of X ,
such that T (M) ⊆ N.

The following results will be very useful in the proof of our main existence results in the next section.

Lemma 2.2. If P ⊂ Q ⊂ X, where Q is weakly compact and P is weakly sequentially closed then P is weakly compact.

Proof. Indeed, by Eberlein–S̆mulian theorem (see, for instance, [5]), Q is weakly sequentially compact. Let (xn) ⊆ P , hence
(xn) ⊆ Q , which is weakly sequentially compact. Hence, there exists (xnk) ⊆ (xn), weakly convergent to a point x ∈ Q . But
obviously (xnk) ⊆ P , which is weakly sequentially closed, hence x ∈ P . Thus P is weakly sequentially compact and according
to Eberlein–S̆mulian theorem P is weakly compact. �

Lemma 2.3. Consider a bounded net

(xi, x∗

i )

i∈I ⊂ X × X∗, and assume that one of the following conditions is fulfilled:

(a) xi ⇁ x, i.e. the net (xi) converges to x in the weak topology of X, and x∗

i −→ x∗, i.e. the net (x∗

i ) converges to x∗ in the
topology of norm of X∗.

(b) xi −→ x, i.e. the net (xi) converges to x in the topology of norm of X, and x∗

i ⇁∗ x∗, i.e. the net (x∗

i ) converges to x∗ in the
weak ∗ topology of X∗.

Then

x∗

i , xi

−→ ⟨x∗, x⟩ .
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