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a b s t r a c t

We prove two nonexistence results of radial solutions to the prescribed mean curvature
type problem on a ball−div


Du

1 + |Du|2


= λf (u), x ∈ BR ⊆ Rn,

u = 0, x ∈ ∂BR,

where λ is a positive parameter, f is a continuous function with f (0) = 0. Under suitable
assumptions on f , we show that the problem with ‘‘superlinear’’ f has no nontrivial
positive solutions for small λ while the problem with ‘‘sublinear’’ f has no nontrivial
positive solutions for large λ. The former covers many well-known nonexistence results
by Finn, Serrin, Narukawa and Suzuki, Ishimura, Pan and Xing. To the best of the authors’
knowledge, the latter is the first nonexistence result involving sublinear mean curvature
type equations in higher dimensions. In particular, the sublinear cases contain some
important logistic type nonlinearities. These nonexistence results differ greatly from those
of semilinear problems.

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

Consider the following prescribed mean curvature equation−div


Du

1 + |Du|2


= λf (u), x ∈ BR,

u = 0, x ∈ ∂BR,

(1.1)

where λ > 0 and BR ⊂ Rn(n > 2) is a ball of radius R. In this paper, we are concerned with the nonexistence of radial
solutions of (1.1) when λ changes.

Themotivation of the paper stems from the interesting bifurcation patterns of two one-dimensional problems. One is the
case f (u) = up (p > 0), the other is the case f (u) = eu−1. For n = 1, these two examples have beenwell investigated in [15]
and [29], respectively. The bifurcation curves are depicted in Fig. 1 and Fig. 2, whereα = max u = u(0), the continuous thick
line represents classical solutions, the continuous thin curve is the gradient blow-up curve. It is observed from the diagrams
that nonexistence of positive solutions in the sublinear case holds for large λ, while in superlinear cases holds for not too
large λ (in some circumstances provided that R is small enough). It is natural to askwhether the similar nonexistence results
still hold for general higher dimensional problems.
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Fig. 1. Bifurcation diagrams for f (u) = up in one dimension.

Fig. 2. Bifurcation diagrams for f (u) = eu − 1 in one dimension.

Recall that nonexistence of solutions to (1.1) with f (u) = up (p > 1) in higher dimensional cases has been well studied.
For n = 2 and p = 1, the problem comes from a model appearing in capillary surfaces and negative solutions describe
pendent liquid drops of the equilibrium state (see Finn [12]). Wente [39] has proved the symmetry of negative solutions.
Narukawa and Suzuki [23] have obtained nonexistence of negative solutions for small λ, and Finn [13] has derived a new
proof for this fact by using a particular form of Green’s Identity. For n = 2 and p > 1, a similar nonexistence result has
previously been obtained by Ishimura [17]. For n > 2 and p > n+2

n−2 , Ni and Serrin [25, Thm 3.4] have shown that the problem
has no nontrivial radial solutions, it is also a corollary of the more general Pohozaev type identity by Pucci and Serrin [35].
For λ = 1, n > 2 and f (u) = −µu + up (µ > 0, p > 1), Serrin [37, Thm 3] has shown that there exists a positive number
R1, depending only on p and n, such that the problem has no nontrivial positive solutions when R < R1. For n > 2 and
f (u) = |u|p−1u (p > 1), Pan and Xing [30] have recently proved that no nontrivial (positive and sign-changing) solutions
exist for small λ, they also consider the case f (u) = eu − 1 and show that there exists some R∗

∈ (0, π2 ) such that if R < R∗,
no nontrivial positive solutions exist for small λ.

The purpose of this paper is to prove twomore general nonexistence results about radial solutions of (1.1). Under suitable
assumptions on f , we show that when λ is small, the problem with ‘‘superlinear’’ f has no nontrivial positive solutions, and
when λ is large, the problem with ‘‘sublinear’’ f has no nontrivial positive solutions. If f is odd, then the former is also true
for negative solutions and sign-changing solutions.

According to [36, Thm8.2.2 and Remark], if f (u) is locally Lipschitz continuous (only require upper Lipschitz continuity at
u = 0), every positive C1(BR) solution of (1.1) is radially symmetric about the origin. This result covers most of superlinear
and sublinear nonlinearities f . For this reason and simplicity, we only consider radial solutions in this paper. By a solution u
we mean that u ∈ C2(BR) satisfies (1.1).

Denote F(u) =
 u
0 f (t)dt . Define F(+∞) = limu→+∞ F(u). We also introduce the condition:

(f 0) There exists some ũ > 0 such that f (ũ) > 0.

Our main results are the following.

Theorem 1.1 (Superlinear Cases). Let f be a continuous function with f (0) = 0. Assume that f satisfies (f 0) and the
superlinear condition in the sense

f (u)
u

is increasing for u > 0. (1.2)
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