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a b s t r a c t

We discuss global solvability to the mixed problem for a nonlinear wave equation in
domains with non-locally reacting boundaries and nonlinear acoustic boundary condition.
We prove the existence and uniqueness of solution. Additionally, using the method of
Nakao we demonstrate the decay of the associated energy (Stability).

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

LetΩ ⊂ Rn be an open, bounded and connected set with smooth boundary Γ , n ≥ 2. Let Γ1 be an open of Γ , ∂Γ1 the
smooth boundary ofΓ1 andΓ0 = Γ \Γ1, Γ0 andΓ1 with positivemeasure. ThenΓ1 is a sub-manifold ofΓ andΓ1 = Γ1∪∂Γ1
is a compact, C∞, manifold with boundary. In this paper, we are concerned with the existence and uniqueness of global
solutions and the decay of the associated energy to the following nonlinear problem

u′′
−1u + ϕ(u′) = 0 inΩ × (0,∞); (1.1)

u = 0 on Γ0 × (0,∞); (1.2)

∂u
∂ν

=
δ′

M


Γ1
|δ|2dΓ

 on Γ1 × (0,∞); (1.3)

f δ′′
− M


Γ1

|δ|2dΓ

(∆Γ δ − δ)+ ψ(δ′) = −u′ on Γ1 × (0,∞); (1.4)

δ = 0 on ∂Γ1 × (0,∞); (1.5)

u(x, 0) = u0(x), u′(x, 0) = u1(x) for x ∈ Ω; (1.6)

δ(x, 0) = δ0(x), δ′(x, 0) = M


Γ1

|δ0|
2dΓ


∂u0

∂ν
(x) for x ∈ Γ1, (1.7)
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where ′
=

∂
∂t ;∆ =

n
i=1

∂2

∂x2i
and ∆Γ are the Laplace and the Laplace–Beltrami operators, respectively; ν is the outward

normal unit vector on Γ1; f : Γ1 → R, ϕ : R → R, ψ : R → R,M : [0,∞) → R, u0, u1 : Ω → R and δ0 : Γ1 → R are
given functions.

Recently Frota, Medeiros and Vicente [20] studied the nonlinear equation

u′′
− Ψ


Ω

u2dx


1u + αu′

+ β|u′
|
λu′

= 0 inΩ × (0,∞), (1.8)

with boundary conditions

u = 0 on Γ0 × (0,∞), (1.9)
∂u
∂ν

= δ′ on Γ1 × (0,∞), (1.10)

f δ′′
− c2∆Γ δ + gδ + hδ′

= −u′ on Γ1 × (0,∞), (1.11)

and initial data

u(x, 0) = u0(x), u′(x, 0) = u1(x) for x ∈ Ω; (1.12)

δ(x, 0) = δ0(x), δ′(x, 0) =
∂u0

∂ν
(x) for x ∈ Γ1, (1.13)

whereΩ ⊂ Rn, n = 2, 3; f , g and h are given real functions on Γ1;α, β and c are positive constants; λ > 1, if n = 2 and
1 < λ ≤ 2, if n = 3. The authors proved the existence and uniqueness of global solution and uniform decay rates of the
energy when t → ∞ and the linear term αu′ (in (1.8)) was essential because it worked in connection with the nonlinear
term β|u′

|
λu′. Moreover the authors showed local existence of solution to (1.8)–(1.13) when α = β = 0 and a nonlinear

equation was considered instead of (1.10). When β = 0 the problem (1.8)–(1.13) is more difficult and it was investigated
by Vicente and Frota [35]. In this case, since the dissipation inΩ is weaker it was necessary an assumption of small initial
data in order to prove the existence, uniqueness of solution and the decay of the energy.

On the other hand, |u′
|
λu′ is a classical nonlinear dissipative term studied by Lions [26] and it has been considered by

many authors, see [11,15,17,19,29,36]. We can cite the following papers: Cavalcanti, Domingos Cavalcanti, Prates Filho and
Soriano [11], Liu and Yu [29] and Vitillaro [36] where this dissipative term was considered over the boundary and u′ was
treated as the trace of a function defined in Ω . Let us also note that stabilization to the wave equations have been studied
by many authors [1,24,25,28,30].

The boundary conditions (1.10)–(1.11) are called acoustic boundary conditions to non-locally reacting boundary and its
formulation is associated with the study of acoustic wave motion. Precisely, we suppose that a fluid is filled in Ω and it is
at rest except for acoustic wave motion and the surface Γ1 act like an elastic membrane to the excess pressure of acoustic
wave. Then the normal displacement δ(x, t) of the point x in the boundary at time t satisfies the Eq. (1.11). The Eq. (1.10) is
an impenetrability condition and it is obtained from the continuity of velocity at the boundary. When c = 0 the boundary
conditions (1.10)–(1.11) are the classical acoustic boundary conditions introduced by Beale and Rosencrans [3]. In this
case, there exist many contributions on the existence, uniqueness and stability, see [16,18,19,21,22,32,34] and references
therein. We emphasize Graber [21,22] and J. Y. Park and S. H. Park [32] where the authors studied problems with nonlinear
impenetrability condition. See also [10,7–9,12] which contain very interesting related results.

The nonlinear equation (1.4) is a boundary version of the nonlinear Carrier equation which was introduced in 1945 by
Carrier [6] and it is an alternative model for small vibrations of an elastic string with fixed ends when the changes in tension
are not small. It is important to explain that, with the classical acoustic boundary conditions of Beale and Rosencrans, the
estimates to δ are not sufficient to consider the termM(


Γ1
δ2dΓ ) and the Eq. (1.4) cannot be considered.

The purpose of this paper is to prove the existence and uniqueness of global solution and the decay of the energy to
(1.1)–(1.7). To the best of our knowledge this is first paper with nonlinear acoustic boundary condition for non-locally
reacting boundaries which is more interesting in physical situations. Moreover, taking into account that (1.3) is a nonlinear
equation, we also obtain some advances on the impenetrability condition. The assumptions we have made here allow us
to include the dissipative nonlinear term of (1.8) which was discussed in [20], but now over the boundary, i.e., we can take
ψ(δ′) = αδ′

+ β|δ′
|
σ δ′ and when n = 3 we get more liberty on σ . We note that under the assumption on function M we

cannot proceed (in estimate I) as in [20] and the alternative way to get our result is to consider an appropriate assumption
on the size of initial data, as in Brito [5]. Finally, using the ideas of Nakao [31] we prove the stability result.

Our paper is organized as follows: in Section 2we give the notations and assumptions. In Section 3we prove the existence
and uniqueness of solution. The stability is studied in Section 4.
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