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a b s t r a c t

In this paper, we introduce the non-central Dirichlet Type 2 distribution on symmetric
matrices as an extension of the real non-central Dirichlet Type 2 distribution defined
by non-central gamma distribution. We also establish some properties concerning this
distribution such as marginal and conditional distributions, distribution of partial sums,
moments and asymptotic results.

© 2012 Elsevier Inc. All rights reserved.

1. Introduction

A random variable Y is said to have a non-central gamma distribution with parameters p (>0), θ (>0) and δ (≥0),
denoted by Ga(p, θ, δ), if its probability density function (pdf) is given by
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where Γ (.) is the gamma function defined by

Γ (p) =
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0
exp(−x)xp−1dx,

0F1 is the Bessel function defined by
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and (a)n is the Pochhammer symbol defined by

(a)n = a(a + 1) · · · (a + n − 1) = (a)n−1(a + n − 1),

for n = 1, 2, . . ., and (a)0 = 1.
Note that if δ = 0, the non-central gamma distribution reduces to the gamma distribution.
Let Y1, . . . , Yn+1 be independent random variables, Yi ∼ Ga(pi, θ, δi) and define

X = (X1, . . . , Xn) =
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, . . . ,
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Then the distribution of X is called the non-central Dirichlet Type 2 distribution with parameters (p1, . . . , pn; pn+1;

δ1, . . . , δn; δn+1) and is denoted by D2(p1, . . . , pn; pn+1; δ1, . . . , δn; δn+1). Its pdf is given by
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where xi > 0, i = 1, . . . , n and Ψ
(m)
2 is the confluent hypergeometric function inm variables z1, . . . , zm defined by
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where the series expansion is valid for all zi ∈ R. Using the results
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for j = 0, 1, 2, . . ., and
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= 0F1(ci; tzi) in (1.2), we obtain
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For further details of this function the reader is referred to Srivastava and Kashyap ([1], Section II.7) and Srivastava and
Karlsson ([2], Section 1.4).

The non-central Dirichlet Type 2 distribution has many interesting properties (see [3,4]). In this paper, we give an
extension to very definition and properties of the non-central Dirichlet Type 2 distribution on symmetric matrices, where
the non-central Wishart distribution replaces the non-central gamma.

Let Vr be the space of real symmetric r × r matrices, Ωr be the cone of positive definite and Ωr the cone of positive
semi-definite elements of Vr . The identity matrix is denoted by Ir , the determinant of an element x of Vr by det(x) and its
trace by tr(x). We will use the notion of ‘‘quotient’’ defined by the division algorithm on matrices based on the Cholesky
decomposition. More precisely, we use the fact that an element y of Ωr can be written in a unique manner as y = tt ′, where
t is a lower triangular matrix with strictly positive diagonal and t ′ is its transpose. For an element x in Vr , we set y(x) = txt ′,
and the ‘‘quotient’’ of x by y is then defined as y−1(x) = t−1xt ′−1.

Now, we define Wishart and non-central Wishart distributions and state some of their properties. These definitions and
results have been taken from ([5], Chapter 3).

A random matrix S is said to have Wishart distribution with parameters p > r−1
2 and Σ ∈ Ωr , denoted by Wr(p, Σ), if

its pdf is given by
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2 1Ωr (s),

where Γr(.) is the multivariate gamma function defined by

Γr(p) = (2π)
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A random matrix S is said to have a non-central Wishart distribution with parameters p > r−1
2 , Σ ∈ Ωr and Θ ∈ Ωr ,

denoted byWr(p, Σ, Θ), if its pdf is given by

{det(Σ)pΓr(p)}−1 exp(−tr(Θ)) exp(−tr(sΣ−1)) det(s)p−
r+1
2 0F1(p, ΘΣ−1s)1Ωr (s),

where 0F1 is the Bessel function of matrix argument.
For Θ = 0, the non-central Wishart distribution reduces to Wishart distribution.
Further, when Σ = Ir and Θ = diag(θ2, 0, . . . , 0), the pdf of S simplifies to

{det(Σ)pΓr(p)}−1 exp(−(θ2
+ tr(s))) det(s)p−

r+1
2 0F1(p, θ2s11)1Ωr (s = (sij)), (1.4)

where 0F1 is the Bessel function of scalar argument.
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