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a b s t r a c t

We study Toeplitz operators with uniformly continuous symbols on radially weighted har-
monic Bergman spaces of the unit ball in Rn. We describe their essential spectra and estab-
lish a short exact sequence associated with the C∗-algebra generated by these operators.
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1. Introduction

Let n ≥ 2 be a fixed integer. We write B for the open unit ball and S for the unit sphere in Rn. The closure of B, which
is the closed unit ball, is denoted by B̄. For any x = (x1, . . . , xn) in Rn, we use |x| to denote the Euclidean norm of x, that is,
|x| = (x21 + · · · + x2n)

1/2.
Let ν be a regular Borel probability measure on B that is invariant under the action of the group of orthogonal

transformations O(n). Then there is a regular Borel probability measure µ on the interval [0, 1) so that the integration
in polar coordinates formula

B
f (x)dν(x) =


[0,1)


S
f (rζ )dσ(ζ )dµ(r)

holds for all functions f that belong to L1(B, ν). Here σ is the unique O(n)-invariant regular Borel probability measure on
the unit sphere S. We are interested in measures ν whose support is not entirely contained in a compact subset of the unit
ball so we will assume throughout the paper that ν({x ∈ B : |x| ≥ r}) > 0 for all 0 < r < 1. This is equivalent to the
condition that µ([r, 1)) > 0 for all 0 < r < 1.

The harmonic Bergman space b2ν is the space of all harmonic functions that belong also to the Hilbert space L2ν = L2(B, ν).
It follows from Poisson integral representation of harmonic functions and the assumption about ν that for any compact
subset K of B, there is a constant CK such that

|u(x)| ≤ CK∥u∥ =


B
|u(x)|2dν(x)

1/2

(1.1)

for all x in K and all u in b2ν . This implies that b2ν is a closed subspace of L2ν and that the evaluationmap u → u(x) is a bounded
linear functional on b2ν for each x in B. By the Riesz representation, there is a function Rx in b2ν so that u(x) = ⟨u, Rx⟩. The
function R(y, x) := Rx(y) for x, y ∈ B is called the reproducing kernel for b2ν .
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Let Q denote the orthogonal projection from L2ν onto b2ν . For a boundedmeasurable function f on B, the Toeplitz operator
Tf : b2ν → b2ν is defined by

Tf u = QMf u = Q (fu), u ∈ b2ν .

HereMf : L2ν → L2ν is the operator of multiplication by f . The function f is called the symbol of Tf . We also define the Hankel
operator Hf : b2ν → (b2ν)

⊥ by

Hf u = (1 − Q )Mf u = (1 − Q )(fu), u ∈ b2ν .
It is immediate that ∥Tf ∥ ≤ ∥f ∥∞ and ∥Hf ∥ ≤ ∥f ∥∞.

For f , g boundedmeasurable functions on B, the following basic properties are immediate from the definition of Toeplitz
and Hankel operators:

Tgf − TgTf = H∗

ḡHf , (1.2)
and

(Tg)∗ = Tḡ , Taf+bg = aTf + bTg ,
where a, b are complex numbers and ḡ denotes the complex conjugate of g .

If dν(x) = dV (x), where V is the normalized Lebesgue volume measure on B, then b2ν is the usual unweighted harmonic
Bergman space. See [1, Chapter 8] for more details about this space. If dν(x) = cα(1 − |x|2)αdV (x) where −1 < α < ∞

and cα is a normalizing constant, then ν is a weighted Lebesgue measure on B and b2ν is a weighted harmonic Bergman
space. Compactness of certain classes of Toeplitz operators on these weighted harmonic Bergman spaces was considered
by Stroethoff in [2]. He also described the essential spectra of Toeplitz operators with uniformly continuous symbols. He
showed that if f is a continuous function on the closed unit ball B̄, then the essential spectrum of Tf is the same as the
set f (S). This result in the setting of unweighted harmonic Bergman spaces was obtained earlier by Miao [3]. More recently,
Choe et al. [4] have shown that the above essential spectral formula remains valid for unweighted harmonic Bergman spaces
of any bounded domain with smooth boundary in Rn. The common approach, which was used in all of the above papers,
involved a careful estimate on the kernel function. In the case where ν is not a weighted Lebesgue measure, it seems that
similar estimates are not available. Nevertheless, with a different approach, we still obtain the aforementioned essential
spectral formula.

Let T denote the C∗-algebra generated by all Toeplitz operators Tf , where f belongs to the space C(B̄) of continuous
functions on the closed unit ball. Let CT denote the two-sided ideal of T generated by commutators [Tf , Tg ] = Tf Tg − TgTf ,
for f , g ∈ C(B̄). For the case n = 2 and ν the normalized Lebesgue measure on the unit disk, Guo and Zheng [5] proved that
CT = K , the ideal of compact operators on b2ν , and there is a short exact sequence

0 → K → T → C(S) → 0.
They also proved that any Fredholm operator in the Toeplitz algebraT has Fredholm index 0.Wewill show that these results
are in fact valid for all n ≥ 2.

The paper is organized as follows. In Section 2 we give some preliminaries. We then study Toeplitz operators with
uniformly continuous symbols and establish the essential spectral formula in Section 3. The Toeplitz algebra and the
associated short exact sequence are studied in Section 4. We close the paper with a criterion for compactness of operators
with more general symbols in Section 5.

2. Preliminaries

It is well known that the reproducing kernel R(x, y) is symmetric and real-valued for x, y ∈ B. From (1.1) we see that for
any compact subset K of B and x ∈ K ,

R(x, x) = Rx(x) ≤ CK∥Rx∥ = CK (⟨Rx, Rx⟩)
1/2

= CK (R(x, x))1/2. (2.1)
This shows that 0 ≤ R(x, x) ≤ C2

K for x ∈ K . So the function x → K(x, x) is bounded on compact subsets of B.
A polynomial p in the variable xwith complex coefficients is homogeneous of degreem (orm-homogeneous), wherem ≥

0 is an integer, if p(tx) = tmp(x) for all non-zero real numbers t .WewritePm for the vector space of allm-homogeneous poly-
nomials on Rn. We use Hm to denote the subspace of Pm consisting of harmonic polynomials. The subspace Hm is finite di-
mensional and its dimension hm is given by h0 = 1, h1 = n and hm =


n+m−1
n−1


−


n+m−3
n−1


form ≥ 2. See [1, Proposition 5.8].

For polynomials p in Hm and q in Hk, using the orthogonality of their restrictions on the sphere [1, Proposition 5.9] and
integration in polar coordinates we obtain

⟨p, q⟩ =


[0,1)

rm+kdµ(r)
 

S
pq̄dσ

=


0 ifm ≠ k

[0,1)
r2mdµ(r)

 
S
pq̄dσ ifm = k.

(2.2)
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