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1. Introduction and main results

In this paper we prove the existence of multiple solutions for the sublinear elliptic equation

(1.1)

—Au=f(x u)+egx,u), xec,
u=0, X €082,

where £2 is a bounded smooth domain in R" and ¢ is a small parameter. We study the problem (1.1) under the condition
that f (x, u) is odd on u, sublinear near u = 0 and g(x, u) is any continuous function. Then we shall show that if |¢| is small
enough, (1.1) has many small solutions. We impose the next assumption.

Assumption (A). Let f(x, u) and g(x, u) be Holder continuous functions defined on £2 x [—a, a] with some a > 0 and satisfy
the conditions below.
(A1) f(x, —u) = —f(x,u) forx € £2 and |u| < a. -
(A2) uf(x,u) — 2F(x,u) < Owhen O < |u| < aand x € 2. Here F(x, u) is defined by
u
F(x,u) := / f(x,s)ds.
0

(A3) limy_,o (min,.z u2F(x, u)) = oc.

Theorem 1.1. Suppose that Assumption (A) holds. Then for any k € N and any § > 0, there exists an e(k, §) > 0 such that if
le| < &(k, 8), then (1.1) has at least k distinct solutions whose C2(2)-norms are less than §. When & = 0, (1.1) has a sequence
of solutions whose C2(£2)-norm converges to zero.
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Example 1.2. We give some examples of f (x, u) which satisfy Assumption (A). In the following, we suppose that «(x) and
B(x) are Holder continuous and «(x) > 0 on £2.
(i) f(x,u) = a®)|ulPsgnuwith0 < p < 1.
(i) f(x, u) = —a(x)ulog |ul.
(iii) f(x, u) = a(X)|u|Psgn u + B(x)|ul|9sgn u with 0 < p < min(1, q).
In Case (iii), B(x) may change its sign. Indeed, we have

1—-p 1—q
uf(x,u) — 2F(x,u) = — aC)luPtt — —= Xuq+l<0,
f (x, u) (x,u) T+p () ul ]+qﬂ()||

provided that |u| > 0 is small enough. For these nonlinear terms, (1.1) has sufficiently many small solutions if |¢| is small
enough.

For the sublinear elliptic problem with ¢ = 0, i.e., f(u) is like |u|Psgn u with 0 < p < 1, we refer the readers to [1,2,5].
Ambrosetti-Badiale [1] has proved the existence of infinitely many solutions if f (x, u) is sublinear with ¢ = 0. Ambrosetti
et al. [2] has investigated f (u) = AJu|%sgnu + |ulPsgnuwith0 < g <1 < p < (n+ 2)/(n — 2). Then they have obtained
the detailed and important results on the structure of positive solutions, the existence of two positive solutions and the
existence of infinitely many solutions. Under more general and weak assumptions on f (x, u), we have proved in [5] that
(1.1) has a sequence of solutions whose C?(£2)-norm converges to zero.

On the other hand, we have considered the sublinear perturbation problem in our paper [6] under the condition that
fW) = |ulPsgnuwith0 <p <1,e =1,g(x,0) = 0,g(x, u) is not odd on u and g(x, u) converges rapidly to zeroas u — 0.
Then we have obtained a sequence of solutions whose C?(£2)-norm converges to zero.

Degiovanni and Radulescu [3] have proved the existence of multiple solutions (u, A) € H(} (£2) x R of the problem

—Au=Af(x,u) +g(x,u)) inD'(£2),
/ |VulPdx =12, f(x,u), gx,u) € L, (£2),
2

under the assumptions that sf (x, s) > 0, sg(x,s) > 0fors # 0 and
supf(x,s), supg(x,s) € Li(£2)

Is|=<t Is|=<t
forevery t > 0 and g(x, s) has at most a polynomial growth as s — oc.

In the present paper, we do not assume the condition that sf(x,s) > 0 orsg(x,s) > 0 fors # 0 (see Example 1.2(ii),
(iii)) and do not need any growth condition on g(x, s) as s — co. We assume the Hélder continuity of f and g for the C?(£2)
regularity of solutions. Even if we do not assume this condition, Theorem 1.1 is still valid after replacing the C2(£2) norm
by the C'(£2) norm. We emphasize that the nonlinear term f(x, u) in our paper is more general than those of the papers
above and our theorem does not need any growth or sign condition on g(x, u). To prove Theorem 1.1, we develop a new
variational method based on the symmetric mountain pass lemma under the next assumption.

Assumption (B). LetE be an infinite dimensional Banach space andI € C([0, 1] xE, R).Suppose thatI(t, u) has a continuous
partial derivative I, and satisfies (B1)-(B5) below.

(B1) inf{I(t,u) : t € [0, 1], u € E} > —o0.
(B2) There exists a function v € C([0, 1], R) such that vr(0) = 0 and
[I(t,u) —I1(0,u)| < ¥(t) for(t,u) €[0,1] xXE.

(B3) I(t, u) satisfies the Palais-Smale condition uniformly on ¢, i.e. if a sequence (ti, u,) in [0, 1] x E satisfies that
supy [I(tx, ux)| < oo and I, (ty, ux) converges to zero, then (ty, uy) has a convergent subsequence.

(B4) 1(0,u) = 1(0, —u) foru € Eand I(0,0) = 0.

(B5) Forany u € E \ {0} there exists a unique s(u) > 0 such that I(0, tu) < 0if0 < |t| < s(u) and I(0, tu) > Oif [t]| > s(u).

We define a critical value a;, of (0, u) in the following definition.

Definition 1.3. We set
ski= (x e RM 2 (x| = 1,
Ay = {h € C(S*,E) : his odd},
ay == inf makxI(O, h(x)). (1.2)

heAy xes

In Section 2, we shall prove that a; < a1 < 0 for k € N and {a;} converges to zero. Hence there exist infinitely many
k’s satisfying a, < a1, and so the next theorem makes sense.
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