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a b s t r a c t

We find the asymptotics of the singular values of convolution operators (with remainder
term estimate) with kernels whose Fourier transforms are rational functions.
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1. Introduction

We consider the integral operator

A : L2 (0, T ) → L2 (0, T )

defined by

Af (x) =

 T

0
k (x − y) f (y) dy.

Here k is the restriction on [−T , T ] of some function which is defined on R (it is also denoted by k). WithK , we denote the
Fourier transform of the function k, i.e.

K (x) =


R
e−ixt k (t) dt.

In [1], Palcev studied the asymptotic behavior of the eigenvalues of the operator A in the case where

K (x) =

r
i=1

(x − ci)ki

ν
i=1

(x − αi)
mi

µ
i=1

(x − βi)
ni

(1)

where Imαi > 0 (i = 1, 2, . . . , ν) , Imβj < 0 (j = 1, 2, . . . , µ) , αi ≠ αj, βi ≠ βj, ci ≠ cj, ci ≠ αj, ci ≠ βj,
r

i=1 ki = m,ν
i=1 mi = q,

µ

i=1 ni = p and p + q − m = r ≥ 1.
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In the case whenK has poles only in the upper (lower) half-plane we write p = 0 (q = 0) .

In [1] itwas proved that the asymptotic behavior of the eigenvalues of the operatorA essentially depends on some relation
between the valuesm, p, q, and that is manifested in first (main) term’s spectral asymptotics. The method that is used in [1]
is based on the reduction of the corresponding integral equation to the equivalent Riemann boundary problem.

If T is a compact operator on the complex Hilbert space then we denote by sn (T ) (singular values of the operator T ) the
nth eigenvalues of the operator |T | = (T ∗T )

1
2 , i.e. sn (T ) = λn (|T |) .

For some classes of integral operators there are methods for finding the first term in the spectral asymptotics of the
singular values (or eigenvalues; see [2–5]). However, finding higher terms is rather difficult, can be done only in some
situations and depends essentially on the structure of the kernel of an operator.

In this paper we give simple method for finding the asymptotics of singular values of the operator A and, also, estimating
the remainder term in the spectral asymptotics.

In contrast to the situation when eigenvalues are concerned, the main term in the asymptotics of sn (A) does not depend
on the relation betweenm, p, q.

Of course, in the casewhen p = 0 or q = 0, our asymptotic formula for sn (A) holds, although in that case, A is the Volterra
operator and has no eigenvalues.

The method used in paper [1] is not suitable for finding the asymptotic singular values of the operator A.

2. The main result

Theorem 1. If the kernel k of the operator A has the property that the Fourier transform is of the form (1), then for every β > 1,

sn (A) =


T
nπ

r 
1 + O


lnβ n
n


, n → ∞

holds.

In the proof of Theorem 1 we need the following lemma.

Lemma 1. If C and D are compact operators on complex Hilbert space such that

sn (C) =
a
nα

+ O


1
nα+1


, n → ∞, α > 0, a > 0

and

sn (D) = O

e−d·n , n → ∞

where d > 0 and does not depend on n, then for every β > 1,

sn (C + D) =
a
nα

+ O

lnβ n
nα+1


, n → ∞

holds.

Proof. From properties of singular values of sum of two operators (see [6,7]) it follows that for everym, k, j ∈ N,

s(k+1)m+j (C + D) ≤ skm+j (C) + sm+1 (D) (2)

skm+j (C + D) ≥ s(k+1)m+j (C) − sm+1 (D) . (3)

If we put in (2)

m = m (n) =

lnβ n


(β > 1) ,

k = k (n) =


n

m (n)


− 1,

j = j (n) = n − m (n) · (1 + k (n))

([x] denotes the integral part of x) then we have n = m (k + 1) + j, 0 ≤ j (n) ≤

lnβ n


, and we obtain

nα+1

lnβ n


sn (C + D) −

a
nα


≤

nα+1

lnβ n


skm+j (C) −

a
(km + j)α


+ a ·

nα+1

lnβ n


1

(km + j)α
−

1
nα


+

nα+1

lnβ n
sm+1 (D)

= An + Bn + Cn.
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