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a b s t r a c t

This paper studies the p-Laplacian equation

−∆pu + λVλ(x) |u|p−2 u = f (x, u) in RN ,

where 1 < p < N, λ ≥ 1 and Vλ(x) is a nonnegative continuous function. Under some con-
ditions on f (x, u) and Vλ(x), we prove the existence of nontrivial solutions for λ sufficiently
large.

© 2012 Elsevier Inc. All rights reserved.

1. Introduction and main results

In this paper, we consider the following p-Laplacian equation

−∆pu + λVλ(x)|u|p−2u = f (x, u), x ∈ RN , (1.1)

where 1 < p < N, λ ≥ 1, Vλ ∈ C(RN ,R) and f ∈ C(RN
× R,R).

We assume that the potential Vλ(x) and f (x, u) satisfy the following conditions.

(V1) 0 ≤ Vλ(x) for all x ∈ RN and λ ≥ 1.
(V2) There existsM > 0 such that for all λ ≥ 1, |ΩM,λ| < ∞, where

ΩM,λ =

x ∈ RN/Vλ(x) ≤ M


.

(V3) limλ→∞ Vλ(0) = 0.

There exist a positive functionm(x) ∈ L∞

loc(R
N) and constants C0, R0 > 0, α > 1 such that

(V4) m(x) ≤ C0

1 + (Vλ(x))1/α


for all |x| ≥ R0 and λ ≥ 1.

(f1) There exists q ∈ (p, p♯), with p♯ := p⋆ −
p2

α(N−p) and p⋆ :=
Np
N−p , such that

|f (x, t)| ≤ C0m(x)(1 + |t|q−1) for all x ∈ RN and t ∈ R.
(f2)

f (x,t)
m(x) = o(|t|p−1) as t → 0 uniformly in x.

(f3) There exist µ0, µ > p and a positive continuous function γ0(x) such that
F(x, t) ≥ γ0(x)|t|µ0 and µF(x, t) ≤ tf (x, t) for all x ∈ RN and t ∈ R,

where F(x, t) =
 t
0 f (x, s)ds.
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An example of functions satisfying the assumptions (f1)–(f3) is given by

f (x, u) = m0(x)|u|s−2u,

wherem0(x) is a positive continuous function and p < s < p♯.
Set

F =


δ > p/there exists a positive continuous function γ (x) such that F(x, t) ≥ γ (x)|t|δ for x ∈ RN , t ∈ R


.

By (f1) and (f3), we see that µ0 ∈ F and δ ≤ q for all δ ∈ F .
The investigation of equations of the form (1.1) has been motivated by searching wave solutions for the nonlinear

Schrödinger equations; see [1–3]. Many works have been devoted to the case p = 2; see [4–9]. The quasilinear case
p ∈ (1,N) appears in a variety of applications, such as non-Newtonian fluids, image processing, nonlinear elasticity and
reaction–diffusion; see [10] for more details. In the paper [11], Liu consider the p-Laplacian equation (1 < p < N)

−∆pu + V (x)|u|p−2u = f (x, u), x ∈ RN , (1.2)

with a potential which is periodic or has a bounded potential well. Without assuming the Ambrosetti–Rabinowitz type
condition and themonotonicity of the function t →

f (x,t)
|t|p−1 , the author proved the existence of ground states of (1.2). Another

p-Laplacian equation with potential was considered by Wu and Yang [12]

−∆pu + λV (x)|u|p−2u = |u|q−2u, x ∈ RN , (1.3)

where 2 ≤ p < q < p⋆ and the potential V (x) is bounded. Using a concentration-compactness principle from critical point
theory, they proved existence, multiplicity and concentration of solutions of (1.3). For more results we refer the reader to
[13,14,12,15] and references therein. In the present paper, we are going to study the existence of nontrivial solutions of (1.1).
The results of this paper may be considered as generalization of the results obtained by Sirakov [8]. Here we consider the
situation when the potential is sufficiently large at infinity. Our method is mainly based on variational arguments.

The main results of this paper are the following theorems.

Theorem 1.1. Assume that (f1)–(f3), (V1)–(V4) hold, and q ∈ F . Then there exists λ0 ≥ 1, depending only on the various
constants involved in the assumptions, such that (1.1) has a nontrivial solution, for any λ ≥ λ0.

In the next theorem we will remove the hypothesis q ∈ F and strengthen (V3) by replacing it with a more precise
condition about the behaviour of Vλ(x) near the origin, for λ sufficiently large.

Theorem 1.2. Assume that (f1)–(f3), (V1), (V2), (V4) hold, and (V5) there exist constants C1, η0, κ > 0 such that

Vλ(x) ≤ C1


|x|κ + λ

−
κ
κ+p


for all |x| ≤ η0λ
−

1
κ+p ,

and
p

κ + p


δ0

δ0 − p
−

N
p


<

q
q − p

−
N
p
,

for some δ0 ∈ F .
Then there exists λ0 ≥ 1, depending only on the various constants involved in the assumptions, such that (1.1) has a nontrivial

solution, for any λ ≥ λ0.

2. Preliminary results

We look for solutions of (1.1) in the following subspace

Xλ =


u ∈ W 1,p(RN)


RN

Vλ(x)|u|pdx < ∞


,

endowed with the norm

∥u∥λ =


RN

|∇u|p + λVλ(x)|u|pdx
1/p

.

Remark 2.1. It follows from (V1), (V2) and Poincaré’s inequality for the setΩM,λ that there exists Cλ > 0 such that

∥u∥1,p ≤ Cλ∥u∥λ for all u ∈ Xλ,

where ∥.∥1,p is the standard normonW 1,p(RN). Then the space (Xλ, ∥.∥λ) is continuously embedded into (W 1,p(RN), ∥.∥1,p).
Moreover, (Xλ, ∥.∥λ) is a reflexive Banach space.
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