
J. Math. Anal. Appl. 383 (2011) 111–119

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and
Applications

www.elsevier.com/locate/jmaa

Existence of solutions for quasilinear elliptic exterior problem with
the concave-convex nonlinearities and the nonlinear boundary conditions

Caisheng Chen ∗,1, Shuai Liu, Huaping Yao

Department of Mathematics, Hohai University, Nanjing 210098, Jiangsu, PR China

a r t i c l e i n f o a b s t r a c t

Article history:
Received 30 January 2011
Available online 6 May 2011
Submitted by V. Radulescu

Keywords:
Existence
Quasilinear elliptic equation
Exterior domain
Nonlinear boundary condition
Concave and convex nonlinearities

In this paper, we consider the following quasilinear elliptic exterior problem⎧⎨
⎩

−div
(
a(x)|∇u|p−2∇u

) + g(x)|u|q−2u = h(x)|u|s−2u + λH(x)|u|r−2u, x ∈ Ω,

a(x)|∇u|p−2 ∂u

∂ν
+ b(x)|u|p−2u = 0, x ∈ Γ = ∂Ω

where Ω is a smooth exterior domain in R
N , and ν is the unit vector of the outward

normal on the boundary Γ , 1 < p < N , 1 < s < p < r < p∗ = Np/(N − p). By the variational
principle and the Mountain Pass Theorem, we establish the existence of infinitely many
solutions if q > r and at least one solution if 1 < q < s.

© 2011 Elsevier Inc. All rights reserved.

1. Introduction and the main results

Recently, Filippucci et al. in [8] consider the existence and nonexistence of solutions to the elliptic exterior problem
⎧⎨
⎩

−div
(
a(x)|∇u|p−2∇u

) + |u|q−2u = λH(x)|u|r−2u, x ∈ Ω,

a(x)|∇u|p−2 ∂u

∂ν
+ b(x)|u|p−2u = 0, x ∈ Γ = ∂Ω

(1.1)

where Ω is a smooth exterior domain in R
N (N � 3), and ν is the unit vector of the outward normal on the boundary

Γ = ∂Ω , λ � 0, 1 < p < N . The functions a(x) � a0 > 0 and H(x), b(x) verify that

(H1) H(x) ∈ L p0(Ω) ∩ L∞(Ω) is a nonnegative function which is positive on a non-empty open subset of Ω , where p0 =
p∗/(p∗ − r), p∗ = N P/(N − p).

(H2) b(x) is a continuous positive function on Γ .

By the variational method, they obtained the following main results:

(1) Let p < r < q < p∗ . Then there exists λ∗ > 0 such that problem (1.1) has no nontrivial weak solution if λ � λ∗; and
problem (1.1) has at least a nontrivial positive weak solution u if λ � λ∗ .

(2) Let p < q < r < p∗ . Then problem (1.1) has no nontrivial weak solution if λ � 0 and has at least a nontrivial weak
solution if λ > 0.
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We note that the nonlinear terms in (1.1) are |u|q−2u and λH|u|r−2u with q > p, r > p. But, in many cases, the nonlin-
earity term is the concave-convex function and it has received a great deal of attention in the recent years, see [12,13,16,17]
and references therein.

In this paper, we study the following quasilinear elliptic exterior problem:

⎧⎨
⎩

−div
(
a(x)|∇u|p−2∇u

) + g(x)|u|q−2u = h(x)|u|s−2u + λH(x)|u|r−2u, x ∈ Ω,

a(x)|∇u|p−2 ∂u

∂ν
+ b(x)|u|p−2u = 0, x ∈ Γ = ∂Ω

(1.2)

where Ω is a smooth exterior domain in R
N , 1 < p < N , 1 < s < p < r < p∗ = Np/(N − p). The function a(x) ∈ C0,δ(Ω̄) ∩

L∞(Ω̄) is a positive function, b(x) ∈ C(Γ ) ∩ L∞(Γ ) is positive, g(x) > 0 in Ω . Obviously, the nonlinearities in (1.2) contain
concave and convex functions.

Elliptic equations involving the p-Laplacian operator arise in some physical models like the flow of non-Newtonian fluids:
pseudo-plastic fluids correspond to p ∈ (1,2) while dilatant fluids correspond to p > 2. The case p = 2 expresses Newtonian
fluids, see [3]. On the other hand, quasilinear elliptic problems like (1.2) appear naturally in several branches of pure
and applied mathematics, such as the theory of quasiregular and quasiconformal mappings in Riemannian manifolds with
boundary (see [7,15]); non-Newtonian fluids, reaction diffusion problems, flow through porous media, nonlinear elasticity,
glaciology, etc. (see [3,6]). Also, problem (1.2) may be viewed as a prototype of pattern formation in biology and is related
to the steady-state problem for a chemotactic aggregation model introduced by Keller and Segel in [11].

The motivation for our investigation is to consider the effect on the existence of solution if the nonlinear term
λH(x)|u|r−2u in (1.1) is replaced by h(x)|u|s−2u + λH(x)|u|r−2u. Similar consideration can be found in [1,4,5,9,18]. We will
find that problem (1.2) admits infinitely many solutions for every λ ∈ R

1 if r < q. This is somewhat surprising, as compared
with Theorem 1.1 in [8].

In this paper, we are concerned with the existence of nontrivial solutions for problem (1.2). Two cases will be considered.
Precisely speaking, we will establish the existence of infinitely many solutions for q > r, and at least a nontrivial solution
for q < s. We will use the variational method to study problem (1.2).

As in [8], we let E be the completion of the restriction on Ω of functions of C∞
0 (RN ) with respect to the norm

‖u‖a,b =
(∫

Ω

a(x)|∇u|p dx +
∫
Γ

b(x)|u|p dS

)1/p

. (1.3)

The natural functional space to study problem (1.2) is X = E ∩ Lq(Ω, g) with respect to the norm

‖u‖ = ‖u‖X = (‖u‖p
a,b + ‖u‖p

Lq(Ω,g)

)1/p
(1.4)

where and in the sequel,

Lt(Ω,ρ) =
{

u(x)
∣∣∣
∫
Ω

ρ(x)
∣∣u(x)

∣∣t
dx < ∞

}
, ‖u‖Lt (Ω,ρ) =

(∫
Ω

ρ(x)
∣∣u(x)

∣∣t
dx

)1/t

(1.5)

with ρ(x) > 0 in Ω and t � 1.
Then X is the reflexive Banach space endowed with the norm ‖u‖. We will see that the space X is compactly embedded

into the weighted Lebesgue space Ls(Ω,h) and Lr(Ω, H) by Lemma 2 below.

Definition 1. A function u ∈ X is said to be a weak solution of problem (1.2) if

∫
Ω

a(x)|∇u|p−2∇u∇ϕ dx +
∫
Γ

b(x)|u|p−2uϕ dS +
∫
Ω

g(x)|u|q−2uϕ dx

=
∫
Ω

h(x)|u|s−2uϕ dx + λ

∫
Ω

H(x)|u|r−2uϕ dx, ∀ϕ ∈ X . (1.6)

It is clear that problem (1.2) has a variational structure. Let J (u) : X → R
1 be the corresponding energy functional of

problem (1.2) which is defined by

J (u) = 1

p
‖u‖p

a,b + 1

q

∫
Ω

g(x)|u|q dx − 1

s

∫
Ω

h(x)|u|s dx − λ

r

∫
Ω

H(x)|u|r dx, ∀u ∈ X . (1.7)
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