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where N > 1, p>1+1/N, and ¢ € L'(RY) N L(RY). We prove the existence of global
solutions with a small initial data, and study the large time behavior of solutions.
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1. Introduction

We consider the initial-boundary value problem for the heat equation with a nonlinear boundary condition:

du=Au, xeRY, t>0,

u(x,00=¢(x) >0, xR, (1.1)
ou

—— =ub, xedRY, t>0,
0XN +

where RY = {(x',xy) | ¥ e RN=1, xy > 0}, aRY = {xy =0}, N> 1, u=du/dt, p>1+1/N, and ¢ € L'RY) N L®RY). In
this paper we prove the existence of global solutions of (1.1) if the initial data ¢ is sufficiently small, and study the large
time behavior of solutions of (1.1).

The nonlinear boundary value problem such as (1.1) can be physically interpreted as a nonlinear radiation law, and has
been studied by many mathematicians (see [1-3,9-11] and the references therein). Among others, Deng, Fila, and Levine [2]
treated the parabolic system with the nonlinear boundary condition in RN where the Neumann data are coupled with each
other. If we assume that, for above parabolic system both one of the initial data and one of the exponent of the nonlinear
terms are equal to the other ones, then the problem reduces to the scalar problem (1.1). In above case, they proved that,

(i) if p <14 1/N, there exists no global positive solution of (1.1);
(ii) if p>1+1/N and ¢ is “large”, there exists no global solution of (1.1);
(iii) if p > 14+ 1/N and @ is “small”, there exists a global solution u of (1.1).
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(See also [3].) Furthermore they proved the existence of positive bounded functions f satisfying

1 1 af
A —-x-V — [ = O, —— = fP t =0.
f—l—zx f+2(p—1)f oxn fP atxy

Then, since the function

G0 = (14072 D (1407 x)
is a solution of (1.1) in Rﬁ x [0, co) with the initial data ¢ = f(x), by the comparison principle, we see that, if

0< @ < f(x) inRY, (12)
then there exists a global solution of (1.1) satisfying

[4®) ] gy < JTO] oy <D oy €0, (13)

On the other hand, for the Cauchy problem of the semilinear heat equation,

du=Au+uP inRY x(0,00), ux 0 =¢x) >0 inR", (1.4)
it is well known that, there exists a positive constant 8’ such that, if
. Npp-1)
1@ lloe vy <8 with g, = —=— >1, (15)

then there exists a global solution u of (1.4) such that

”u(t)”LQ(RN) = tig(lié) (1.6)

as t — oo for any q € [1, oo] (see, for example, [4] and [8]).
In this paper we prove that, if

N(p-1)—1
1151y 121 ) (17)

is sufficiently small, then there exists a solution of (1.1) in Rﬁ x (0, 00) satisfying (1.6), and study the large time behavior
of the solution of (1.1). We remark that the quantity (1.7) is invariant in the self-similar transformation to the problem (1.1)
(see Remark 1.1).

Following [2], we introduce the following two operators S(t) and Sy(t), and give the definition of the solution of (1.1).
For any function w(X, xy) € Lq(Rﬂ) (q € [1, 00]), we define

No1 /2
[SHw](x, )= / (4nt)~ "7 exp(—%)w(y’, )dy’, (1.8)
RN-1
® ) 2
[SNnO@]C.xn) = / (drt)”? (exp(—%) +exp(—%))w(-, yn)dyw. (19)
0

Let 0 <7 <oo and ¢ € L°(RY). Then we say that u is a solution of (1.1) in RY x (0,7) if, for any o € (0,7),
uel®(0,0;L%RY)) and u satisfies
u(x, xn, t) =[SOSNO@] (X, xn) + K (X, xn, 1) (1.10)

for any (¥, xn,t) e RN"1 x Ry x (0, 0). Here

t

1 2

K(x,xn,t) = f(n(t -n) 2 exp(—ﬁ) [St—muPm](x',0)dn. (1.11)
0

Then we see that u is a unique classical solution of (1.1) (see also [2] and [3]). Furthermore we put
Tmax = sup{t € (0, 00): u is a solution of (11)in R} x (0, 7)}.

If Tmax < oo, then limsup,_,p ||“(t)||Lw(Rﬁ) =00 (see Lemmas 2.1 and 2.2), and we call Tp,x the blow-up time of the

solution u.
Now we are ready to state the main result of this paper. The result gives a sufficient condition for the global existence of
the solution u of (1.1), which behaves like the one of the heat equation in RV. In what follows we write || - lp=1" ||L,,(Rﬁ)

for simplicity.
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