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Abstract

In this note the following inequality is proved. For any nonnegative measure μ ∈ H−1(R2), x ∈ R2 and 0 < r < 1, there holds

μ
(
B(x, r)

)
� C

(
ln

1

r

)− 1
2 ‖μ‖H−1 (1)

where C is a positive constant. Using (1) an estimate for the vorticity maximal function similar to the estimate in Majda [A. Majda,
Remarks on weak solutions for vortex sheets with a distinguished sign, Indiana Univ. Math. J. 42 (1993) 921–939] is established
without assuming the initial vorticity having compact support. From this a more simple proof of the Delort’s celebrated theorem
[J.M. Delort, Existence de mappes de fourbillon en dimension deux, J. Amer. Math. Soc. 4 (1991) 553–586] is presented.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

A 2D ideal incompressible fluid is described by the Euler equation⎧⎨
⎩

∂u
∂t

+ u · ∇u = ∇P,

∇ · u = 0,

u(x,0) = u0(x),

x ∈ R2, t ∈ (0,∞), (2)

where u = (u1(x, t), u2(x, t)) and P = P(x, t) denote the velocity vector and the pressure of fluid at the point (x, t) ∈
R2 × (0,∞).

Definition 1. u is called a weak solution to (2) on (0,∞) with initial data u0, if it satisfies the following conditions:
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⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(a) u ∈ L2
loc(R

2 × (0,∞));
(b)

∫
u(t) · ∇φ = 0 for all φ ∈ C∞

0 (R2), t ∈ (0,∞);
(c)

∫ ∞
0

∫
R2(u · ∂f

∂t
+ ∑2

k,l=1 ukul
∂fk

∂xl
) dx dt = − ∫

R2 u0 · f (·,0)

for all f ∈ C∞
0 ([0,∞) × R2) with ∇ · f = 0.

For the smooth initial velocity with finite energy it is well known that there exists a unique global solution to (2). But
for the smooth initial velocity without finite energy, the corresponding results were not presented until the last decade,
cf. Serfati [15] for C1+ε , Vishik [18] for B

1+2/p

p1 (p < ∞) and Zhu [24] for B1∞1.
If the initial vorticity is in Lp (1 < p < ∞) or Zygmund class L lnL, many mathematicians have done much work

to obtain the global existence of the weak solution, such as [1,5,8]. More details can be found in Lions [9].
On the other hand, for the nondecaying initial vorticity L∞ or a little larger space, Yudovich [21,22], Serfati [14]

and Vishik [19,20] have obtained the uniqueness and global existence of the weak solution. Besides, in Taniuchi [16]
and Zhu [23] the global existence of the weak solution has been proved for initial vorticity in bmo and BMO.

But when we concern the existence of weak solution to (2) with vortex sheet initial data, some new phenomena
involving concentrations occur. With some simple examples Diperna and Majda pointed out that in a sequence of
approximate solutions there may be no any subsequence converging in L2

Loc(R
2). Therefore it is not available to use

the strong convergence to obtain the weak solution as before.

Definition 2. A 2D incompressible velocity field u0 = (u1
0(x, t), u2

0(x, t)) defines vortex sheet initial data provided
that u0 has locally kinetic energy, i.e.∫

|x|<R

u2
0 dx < ∞ for any R > 0 (3)

and the initial vorticity ω0 = curlu0 is a finite Random measure, i.e. ω0 ∈ M(R2).

Vortex sheet problem is of fundamental importance to applied mathematics and pure mathematics and many mathe-
maticians have investigated this problem for the last two decades. Classical linearized stability analysis of the simplest
vortex sheets reveals that the evolution of vortex sheets involves a classical Hadamard ill-posed initial value problem.
In the series of papers of Diperna and Majda [4–6] they set up a completely new approach to study the weak solutions
or measured-value solutions to the 2D incompressible Euler equations.

In [3] Delort made an important contribution by proving the global existence of weak solution to the 2D incom-
pressible Euler system for the initial vortex sheet with a nonnegative vorticity. The main steps would be presented in
the remainder of this paper. In Evans and Muller [7] and Majda [12] they gave two different proofs of Delort’s theorem.
In [17] Vecchi and Wu proved this theorem for the negative part of initial vorticity in L1 ∩H−1. In [10,11,13] they de-
veloped these ideas and got some new conclusions. But it is remain unknown now whether there exists a global weak
solution for the vortex sheet initial data. More details about the vortex sheet problem can be found in Schochet [13].

Next we review the main steps in the proof of Delort for the nonnegative initial vorticity.
At first, we construct a sequence of smooth initial velocity un

0 ∈ C∞
0 (R2) such that

lim
n→∞

∫
un

0f =
∫

u0f, ∀f ∈ C∞
0

(
R2),∫

|x|<R

(
un

0

)2
(x) dx < CR, ∀R > 0,

∫
ωn

0 � C, ωn
0 � 0.

Then for any n ∈ N there exists a smooth solution un to the Euler system with initial velocity un
0. If we can

choose a subsequence of {un} (for convenience in exposition we use the same notation) and a function u such that
limn→∞

∫∫
un

i u
n
jϕ = ∫∫

uiujϕ for any test function ϕ and i, j = 1,2, then u is a weak solution of the Euler system.
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