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Abstract

By means of Riccati transformation technique, we establish some new oscillation criteria for the second-
order Emden—Fowler delay dynamic equations

BA@) 4+ px” (T(1)) =0

on a time scale T; here y is a quotient of odd positive integers with p(t) real-valued positive rd-continuous
functions defined on T. To the best of our knowledge nothing is known regarding the qualitative behavior of
these equations on time scales. Our results in this paper not only extend the results given in [R.P. Agarwal,
M. Bohner, S.H. Saker, Oscillation of second-order delay dynamic equations, Can. Appl. Math. Q. 13 (1)
(2005) 1-18] but also unify the oscillation of the second-order Emden—Fowler delay differential equation
and the second-order Emden—Fowler delay difference equation.
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1. Introduction

The theory of time scales, which has recently received a lot of attention, was introduced
by Hilger in his PhD thesis in 1988 in order to unify continuous and discrete analysis (see
Hilger [17]). Several authors have expounded on various aspects of this new theory; see the
survey paper by Agarwal et al. [1] and references cited therein. A book on the subject of time
scale, by Bohner and Peterson [9] summarizes and organizes much of the time scale calculus, we
refer also the last book by Bohner and Peterson [8] for advances in dynamic equations on time
scales. For the notions used below we refer to the next section that provides some basic facts on
time scales extracted from Bohner and Peterson [9].

A time scale T is an arbitrary closed subset of the reals, and the cases when this time scale is
equal to the reals or to the integers represent the classical theories of differential and of difference
equations. Many other interesting time scales exist, and they give rise to plenty of applications,
among them the study of population dynamic models which are discrete in season (and may
follow a difference scheme with variable step-size or often modeled by continuous dynamic
systems), die out, say in winter, while their eggs are incubating or dormant, and then in season
again, hatching gives rise to a nonoverlapping population (see Bohner and Peterson [9]).

In recent years, there has been much research activity concerning the oscillation and nonoscil-
lation of solutions of various equations on time scales, and we refer the reader to Akin-Bohner
et al. [5-7], Bohner and Saker [10], Erbe [14], Erbe et al. [15], Saker [20,21]. However, there
are few results dealing with the oscillation of the solutions of delay dynamic equations on time
scales [2,3,11,19,22,24,25].

Agarwal et al. [2] considered the second-order delay dynamic equations on time scales

XA + px(t)) =0 forteT, (1.1)

and established some sufficient conditions for oscillation of (1.1).
To the best of our knowledge, there are no results regarding the oscillation of the solutions of
the following second-order nonlinear delay dynamic equations on time scales up to now

X221 + p)x? (z()) =0 forteT. (1.2)

Clearly, (1.1) is the special cases of (1.2). To develop the qualitative theory of delay dynamic
equations on time scales, in this paper, we consider the second-order nonlinear delay dynamic
equation on time scales (1.2).

As we are interested in oscillatory behavior, we assume throughout this paper that the given
time scale T is unbounded above, i.e., it is a time scale interval of the form [a, o0) witha € T.

We assume that y is a quotient of odd positive integer, p(¢) is positive, real-valued rd-
continuous functions defined on T, 7(¢) : T — T is an rd-continuous function such that t(¢) <t
and t(t) > 00 (t > 00).

By a solution of (1.2), we mean a nontrivial real-valued function x satisfying (1.2) for
t >ty > a. A solution x of (1.2) is called oscillatory if it is neither eventually positive nor even-
tually negative; otherwise it is called nonoscillatory. (1.2) is called oscillatory if all solutions are
oscillatory. Our attention is restricted to those solutions x of (1.2) which exist on some half line
[7¢, 00) with sup{|x(¢)|: t = to} > O for any 79 > ..

We note that if T =R, then o () =0, u(¢) =0, x2(¢) = x’(¢) and (1.2) becomes the second-
order Emden—Fowler delay differential equation

x"(1)+ p)x? (t(t)) =0 forreR. (1.3)
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