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Abstract

In the present paper a nonlinear size-structured population dynamical model with size and density depen-
dent vital rate functions is considered. The linearization about stationary solutions is analyzed by semigroup
and spectral methods. In particular, the spectrally determined growth property of the linearized semigroup
is derived from its long-term regularity. These analytical results make it possible to derive linear stability
and instability results under biologically meaningful conditions on the vital rates. The principal stability
criteria are given in terms of a modified net reproduction rate.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
The dynamics of a size-structured population living in a closed territory can be described by

the model equation

pia,0) + (v (a, PO)pla,n), = —u(a, PM)pla,n), 0<a<m<oo, (1)
subject to the boundary condition

p(0,1) = / ,B(a, P(t))p(a, t)da, t>0, (1.2)
0
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and an initial condition of the form

p(a.0) = po(a). (1.3)

Here, the function p = p(a,t) denotes the density of individuals of size a € [0, m] at time
t € [0, oo) where m > 0 denotes the (finite) maximum size of any individual in the population.
The model equation involves the vital rates u = p(a, P)—mortality, 8 = B(a, P)—fertility and
y = y(a, P)—growth rate, which depend on the size a and on the total population quantity P,
given by

m

P(t):/p(a,t)da 1.4)
0

at time ¢. Consequently, Eq. (1.1) is nonlinear. Note that for simplicity we have normalized the
size of any newborn individual to 0.
We make the following general assumptions on the vital rate functions:

1, B € C'([0,m] x [0,00)), B =0, (1.5)
y € C3([0,m] x [0,00)), ¥ >0. (1.6)

These assumptions will suffice (and could actually be relaxed) to make the analysis of the lin-
earized problem work. They are, however, generally not strong enough to prove global existence
results for the nonlinear problem. In addition, for practical purposes several other biologically
relevant assumptions (such as u > 0) will have to be imposed on these functions.

The population model treated here is equivalent to the one usually considered in the literature
(see [1,2] and references therein) when the boundary condition (1.2) is replaced by

y(O,P(t))p(O, t)=/ﬂ(a,P(t))p(a,t)da, t>0, 1.7
0

and no population inflow from an external source takes place. Condition (1.2) incorporates the
y-term on the left of Eq. (1.7) in the birth rate 8 on the right. We prefer working with the
boundary condition in the form of Eq. (1.2) to simplify the following developments. Local and
global existence and uniqueness of solutions to this nonlinear problem have been analyzed in [2].
The model considered here reduces to the Gurtin—-MacCamy (or McKendrick) nonlinear age-
structured model if y = 1 (see [13]) and is a generalization of the simple problem treated in [10].
Similar physiologically structured population models have been studied intensively in the litera-
ture. Let us just mention the well-known works [20,22,25] for reference here.

The main purpose of the present work is to investigate the linear stability of stationary solu-
tions of the system (1.1)—(1.3) using semigroup techniques and spectral methods based on the
characteristic equation. Linear semigroup methods were successfully developed to study the lin-
ear stability and regularity of solutions of linearized fluid flow problems where the underlying
dynamics is driven by a one-dimensional mass transport equation (see [14,18,19]). The model
equations treated in this work are similar in nature. Sophisticated semigroup methods have re-
cently been used to obtain sharp regularity results for one-dimensional hyperbolic—elliptic fluid
flow problems (see [15,17]) and to explain the phenomenon that the roots of the underlying char-
acteristic equations (eigenvalues) are lined up along certain curves (see [16]). Earlier, quite deep
semigroup results for an n-dimensional age-structured model with constant growth rate can be
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