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Abstract

The aim of this paper is to investigate the asymptotic behavior of solutions for a class of three-species
predator—prey reaction—diffusion systems with time delays under homogeneous Neumann boundary condi-
tion. Some simple and easily verifiable conditions are given to the rate constants of the reaction functions
to ensure the convergence of the time-dependent solution to a constant steady-state solution. The condi-
tions for the convergence are independent of diffusion coefficients and time delays, and the conclusions
are directly applicable to the corresponding parabolic-ordinary differential system and to the corresponding
system without time delays.
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1. Introduction

Differential equations with time delays are traditionally formulated in the framework of or-
dinary differential systems. In recent years considerable attention has been given to parabolic
systems with time delays, especially in relation to reaction—diffusion systems where the reac-
tion functions depend on the unknown functions with time delays (see [1,2,4,5,8-24]). In this
paper we investigate the asymptotic behavior of solutions for a class of three-species predator—
prey reaction—diffusion systems with time delays in a bounded domain £2 in R"” under Neumann
boundary condition. The system under the consideration is given in the form

dui/0t =dyAuy +ui(ar — bryuy — biauz(x, t — 1)),

ou /ot =drAuy + uz(—az +borui(x,t — 1) — boouy — bozusz(x,t — 13)),

duz/ot =dzAuz + u3(—a3 + b3ousr(x,t —12) — b33u3), (x,1) € 2 x (0,00), (1.1)
ouy/ov =0dup/dv =0duz/dv=0, (x,t)€ a2 x (0,00),

ui(x,t)=ni(x,t) =20, (x,1)ef2 x[-1,0]0G=1,2,3),

where A is the Laplace operator, du; /0v denotes the outward normal derivative of u; on the
boundary 02 of §2, the constants a;, b;;, d; and t; satisfy a; > 0, b;; >0, d; > 0 and 7; > 0 for
all i, j =1, 2, 3, and the initial function n; (x, t) is Holder continuous on £2 x [7;,0] (i =1, 2, 3).

Problem (1.1) arises in a predator—prey biological model for three species in which the third
species is the predator of the second one and the second species is the predator of the first one.
In biological terms, the unknown u; represents the spatial density of the ith species at ¢ in the
habitat £2 and thus only nonnegative u; is of interest. The coefficients dj, d» and d3 are the
dispersal rates or diffusion coefficients, a; denotes the intrinsic growth rate of the first species,
ay and a3 denote the mortality rates of the second and the third species, respectively, b11, b
and b33 represent self-limitation rates, b1z, b21, by3 and b3y represent interaction rates, and t;
denotes the time delay (see [2,10]). The boundary conditions in (1.1) imply that the species are
confined to £2, i.e., there is no migration across the boundary of 2.

By the method of upper and lower solutions we know that problem (1.1) has a unique global
nonnegative solution (u1, u, u3). Moreover, if n; (x, 0) £ 0 then u; (x,7) > 0 on £ x (0, c0) and
if n; (x, 0) =0 then u; (x, t) = 0 on £2 x [0, co) (cf. [14]). The asymptotic behavior of the solution
of (1.1) has been investigated in [2,10], and various sufficient conditions for the convergence
of the solution to a constant steady-state solution are obtained. Clearly, a constant steady-state
solution (cy, ¢, ¢3) of (1.1) is governed by

{ ci(ar — byic1 — biacz) =0,

c2(—az + baic1 — bypcy — by3c3) =0, (1.2)
c3(—a3z + b3xcp — b3zez) =0.

It is obvious that the above system possesses the trivial nonnegative solution (0, 0, 0) and the
semitrivial nonnegative solution (a1 /b11, 0, 0). If a1b1 > azb11, then it has also the semitrivial
nonnegative solution (¢1, ¢z, 0) where
&= aiby +axby2 ’ &= arby —axbyy ’
b11b22 + b12b2y b11b22 + b12b2)
and if

(1.3)

a1ba1bzz > azxb11b3z + az(b11b22 + b12b21), (1.4
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