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Abstract

We consider a class of differential equations, ẍ + γ ẋ + g(x) = f (ωt), with ω ∈ R
d , describing one-

dimensional dissipative systems subject to a periodic or quasi-periodic (Diophantine) forcing. We study
existence and properties of trajectories with the same quasi-periodicity as the forcing. For g(x) = x2p+1,
p ∈ N, we show that, when the dissipation coefficient is large enough, there is only one such trajectory
and that it describes a global attractor. In the case of more general nonlinearities, including g(x) = x2

(describing the varactor equation), we find that there is at least one trajectory which describes a local
attractor.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Consider the ordinary differential equation

ẍ + γ ẋ + x2p+1 = f (ωt), (1.1)

* Corresponding author.
E-mail addresses: m.bartuccelli@surrey.ac.uk (M.V. Bartuccelli), j.deane@surrey.ac.uk (J.H.B. Deane),

gentile@mat.unirom3.it (G. Gentile).

0022-247X/$ – see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2006.05.055



700 M.V. Bartuccelli et al. / J. Math. Anal. Appl. 328 (2007) 699–714

where p ∈ N, ω ∈ R
d is the frequency vector, f (ψ) is an analytic quasi-periodic function,

f (ψ) =
∑
ν∈Zd

eiν·ψfν, (1.2)

with average 〈f 〉 ≡ f0 �= 0, and γ > 0 is a real parameter (dissipation coefficient). Here and
henceforth we denote with · the scalar product in R

d . By the analyticity assumption on f there
are two strictly positive constants F and ξ such that one has |fν | � F e−ξ |ν| for all ν ∈ Z

d .
If d > 1 we shall assume a Diophantine condition on the frequency vector ω, that is

|ω · ν| � C0|ν|−τ ∀ν ∈ Z
d \ {0}, (1.3)

where |ν| = |ν|1 ≡ |ν1| + · · · + |νd |, and C0 and τ are positive constants, with τ > d − 1 and C0

small enough. Note that for d = 1 the condition (1.3) is automatically satisfied for all ω �= 0.
In this paper we want to show that for γ large enough the system (1.1) admits a global attractor

which is a quasi-periodic solution with the same frequency vector ω as the forcing f . This will
be done in two steps: first we prove that for γ large enough there is a quasi-periodic solution
x0(t) with frequency vector ω (cf. Theorem 1 in Section 2); second we prove that, again for γ

large enough, any trajectory is attracted by x0(t) (cf. Theorem 2 in Section 3).
In particular, this solves for the system (1.1) a problem left as open in [12]. Indeed in [12]

we considered a class of ordinary differential equations, including (1.1), and proved existence
of a quasi-periodic solution with the same quasi-periodicity as the forcing, but we could not
conclude, not even locally, that this was the only solution with such a property. The result stated
above gives an affirmative answer to this problem for the system (1.1), by showing that the quasi-
periodic solution x0(t) is unique; cf. Theorem 3 in Section 4.

This uniqueness result holds for the more general systems studied in [12], including the
resistor–inductor–varactor circuit, or simply varactor equation, studied in [4,12]. This is a simple
electronic circuit described by the equation ẍ + γ ẋ + xμ = f (ωt), for x > 0, where R = γ is the
resistance, L = 1 is the (normalised) inductance, f (ωt) is the electromotive force, v(t) = x(t)

is the varactor voltage, and i(t) = ẋ(t) is the current. The varactor is a particular type of diode,
and it is described by the nonlinear term xμ, where typically μ ∈ [1.5,2.5]. In [4,12] the case
μ = 2 was explicitly considered, for the sake of simplicity and concreteness. In these more gen-
eral cases, the solution x0(t) is not a global attractor, but it turns out to be the only attractor in a
neighbourhood of the solution itself.

More precisely the situation is as follows. We can consider systems described by

ẍ + γ ẋ + g(x) = f (ωt), (1.4)

where f is given by (1.2) and g is an analytic function. The case g(x) = x2 corresponds to the
varactor equation studied in [4]. Studying the behaviour of the system (1.4) for γ large enough
suggests to introduce a new parameter ε = 1/γ , in terms of which the differential equation (1.4)
becomes

εẍ + ẋ + εg(x) = εf (ωt), (1.5)

and study what happens for ε small enough.
If we assume that there exists c0 ∈ R such that g(c0) = f0 and g′(c0) := ∂xg(c0) �= 0, then

the system (1.5) admits a quasi-periodic solution x0(t), analytic in t , with the same frequency
vector ω as the forcing f , and furthermore x0(t) = c0 + O(ε). This was proved in [12], where
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