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Abstract

In this paper, we study the best approximation for anisotropic Sobolev and Besov classes in the
Lq(Rd) metric by wavelets and obtain some asymptotic estimates of approximation order.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Let R, Z, Z+, and N be the sets of all real numbers, integers, non-negative integers, and
positive integers, respectively. For r = (r1, r2, . . . , rd) ∈ Zd+, let Dri f (t) := ∂ri f (t)

∂t
ri
i

, i =
1, . . . , d , be the generalized derivative of f in the sense of Liouville. Then the anisotropic
Sobolev space Lr

p(Rd) (1 � p � ∞) is defined as follows:

Lr
p

(
Rd

) :=
{

f ∈ Lp

(
Rd

) ∣∣∣∣ ‖f ‖Lr
p

= ‖f ‖p +
d∑

j=1

∥∥Dri f
∥∥

p
< ∞

}
.
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For ki ∈ N , ti ∈ R, denote by

Δ
ki
ti

f (x) :=
ki∑

l=0

(−1)l+ki

(
ki

l

)
f (x1, . . . , xi + lti , . . . , xd)

the ki th difference of f at the point x for xi with step ti , i = 1, . . . , d .

Definition. Let k = (k1, . . . , kd) ∈ Zd+, r = (r1, . . . , rd), ki > ri > 0,1 � θ � ∞, and 1 �
p < ∞. We say that f ∈ Br

pθ (R
d) if the function f satisfies the conditions:

(i) f ∈ Lp(Rd),

(ii) ‖f ‖
b
rj
xj pθ (Rd)

:=

⎧⎪⎪⎨
⎪⎪⎩

{∫
R

( ‖Δkj
tj

f (·)‖p

|tj |rj
)θ dtj

|tj |
}1/θ

< ∞, 1 � θ < ∞,

suptj �=0

‖Δkj
tj

f (·)‖p

|tj |rj < ∞, θ = ∞,

for j = 1, . . . , d .

By [6], the linear space Br
pθ (R

d) is a Banach space with the norm

‖f ‖Br
pθ (Rd) := ‖f ‖p +

d∑
j=1

‖f ‖
b
rj
xj pθ (Rd)

,

and it is called anisotropic Besov space. When θ = ∞, Br
pθ (R

d) coincides with the Hölder–

Nikolski space Hr
p(Rd). We define

Sr
pL

(
Rd

) := {
f ∈ Lp

(
Rd

)
: ‖f ‖Lr

p(Rd) � 1
}
,

Sr
pθB

(
Rd

) := {
f ∈ Lp

(
Rd

)
: ‖f ‖Br

pθ (Rd) � 1
}
.

Let ψ(·) is a univariate l-regular wavelet, i.e., ψ(·) satisfy∣∣ψ(α)(t)
∣∣ � cm,α

(
1 + |t |)−m

, α = 0,1, . . . , l, m ∈ N, t ∈ R.

The functions

ψj,k(t) = 2k/2ψ
(
2kt − j

)
, j, k ∈ Z,

form an orthogonal basis for L2(R). For convenience, let D(R) denote the set of dyadic
intervals. Each such interval I is of the form I := Ij,k = [j2−k, (j + 1)2−k], j, k ∈ Z. We
define

ψI := ψj,k, I = [
j2−k, (j + 1)2−k

] ∈ D(R). (1.1)

Thus the basis {ψj,k}j,k∈Z is the same as {ψI }I∈D(R).
For multivariate function space L2(R

d), we can construct multivariate wavelet basis
by taking tensor products of the univariate basis functions. If ψ is a univariate orthogonal
wavelet and d � 1, then the functions

ψj,k(t) := ψj1,k1(t1) · · ·ψjd,kd
(td), j = (j1, . . . , jd) ∈ Zd, k = (k1, . . . , kd) ∈ Zd,

(1.2)
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