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Abstract

In this paper, we consider the existence of positive solutions to the fourth order boundary value problem⎧⎪⎨
⎪⎩

u′′′′ + αu′′ − βu = f (t, u), 0 < t < 1,

u(0) = ∑m−2
i=1 aiu(ξi ), u(1) = ∑m−2

i=1 biu(ξi ),

u′′(0) = ∑m−2
i=1 aiu

′′(ξi), u′′(1) = ∑m−2
i=1 biu

′′(ξi),
where α,β ∈ R, ξi ∈ (0,1), ai, bi ∈ [0,∞) for i ∈ {1,2, . . . ,m − 2} are given constants satisfying some
suitable conditions. The proofs are based on the fixed point index theorem in cones.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Multipoint boundary value problems (BVPs) for ordinary differential equations arise in a
variety of areas of applied mathematics and physics. For instance, the vibrations of a guy wire of
uniform cross-section and composed of N parts of different densities can be set up as a multipoint
BVP in [4]; also, many problems in the theory of elastic stability can be handled by multipoint
problems in [5].

In [6], Il’in and Moiseev studied the existence of solutions for a linear multipoint BVP. Mo-
tivated, Gupta [7] studied certain three-point BVPs for nonlinear ordinary differential equations.
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Since then, more general nonlinear multipoint BVPs have been studied by several authors. We re-
fer the reader to [2,3,7] for some references. When it comes to fourth order BVP, only two-point
situation is often seen, here we just refer to [8,9]. Recently, Liu [8] has obtained some existence
results for{

u′′′′ = f (t, u, u′′), 0 < t < 1,

u(0) = u(1) = u′′(0) = u′′(1) = 0
(1.1a)

under the condition that f is either superlinear or sublinear.
In 2003, Li [1] studied the existence of positive solutions for fourth order BVP without bend-

ing term but with two parameters{
u′′′′ + αu′′ − βu = f (t, u), 0 < t < 1,

u(0) = u(1) = u′′(0) = u′′(1) = 0
(1.1b)

under the assumptions:

(H1) f : [0,1] × [0,∞) → [0,∞) is continuous;
(H2) α,β ∈ R and α < 2π2, β � −α2/4, α/π2 + β/π4 < 1.

He established the following result for (1.1b).

Theorem 1.1. [1] Assume (H1) and (H2) hold. Then in each of the following cases:

(i) f 0 < π4 − απ2 − β , f ∞ > π4 − απ2 − β ,

(ii) f 0 > π4 − απ2 − β , f ∞ < π4 − απ2 − β ,

the BVP (1.1b) has at least one positive solution, where

f 0 = lim inf
u→0+ min

t∈[0,1]
(
f (t, u)/u

)
, f 0 = lim sup

u→0+
max

t∈[0,1]
(
f (t, u)/u

)
,

f ∞ = lim inf
u→+∞ min

t∈[0,1]
(
f (t, u)/u

)
, f ∞ = lim sup

u→+∞
max

t∈[0,1]
(
f (t, u)/u

)
.

In this paper, we are interested in the existence of a positive solution for the more general
fourth order m-point BVP,⎧⎪⎨

⎪⎩
u′′′′ + αu′′ − βu = f (t, u), 0 < t < 1,

u(0) = ∑m−2
i=1 aiu(ξi), u(1) = ∑m−2

i=1 biu(ξi),

u′′(0) = ∑m−2
i=1 aiu

′′(ξi), u′′(1) = ∑m−2
i=1 biu

′′(ξi),

(1.1)

where α,β ∈ R,ξi ∈ (0,1), ai, bi ∈ [0,∞) for i ∈ {1,2, . . . ,m − 2} are given constants. It is
clear that when ai = bi = 0, then (1.1) is reduced to (1.1b). To deal with (1.1), we give an
integral equation which is equivalent to (1.1). It is naturally expected that an integral equation
equivalent to⎧⎪⎨

⎪⎩
u′′′′ + αu′′ − βu = f (t, u), 0 < t < 1,

u(0) = ∑m−2
i=1 aiu(ξi), u(1) = ∑m−2

i=1 biu(ξi),

u′′(0) = ∑m−2
i=1 ciu

′′(ξi), u′′(1) = ∑m−2
i=1 diu

′′(ξi)

holds true. It at last fails when we attempt on it. Hence we just consider (1.1).
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