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Abstract

Long-time behavior of solution and semi-discrete scheme for one nonlinear parabolic integro-differential equation are studied.
Initial–boundary value problem with mixed boundary conditions are considered. Attention is paid to the investigation of more wide
cases of nonlinearity than already were studied. Considered model is based on Maxwell’s system describing the process of the
penetration of a magnetic field into a substance.
c⃝ 2015 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC

BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords: Nonlinear parabolic integro-differential equation; Initial–boundary value problem; Mixed boundary conditions; Long-time behavior;
Semi-discrete scheme

1. Introduction

Integro-differential equations of parabolic type arise in the study of various problems in physics, chemistry, tech-
nology, economics, etc. (see, for example, [1–3] and references therein). One such model is obtained by mathematical
modeling of processes of electromagnetic field penetration in the substance. In the quasi-stationary approximation the
corresponding system of Maxwell’s equations has the form [4]:

∂H

∂t
= − rot(νm rot H), (1.1)

∂θ

∂t
= νm (rot H)2 , (1.2)

where H = (H1, H2, H3) is a vector of the magnetic field, θ is temperature, νm characterizes the electro-conductivity
of the substance. Eq. (1.1) describes the process of diffusion of the magnetic field and Eq. (1.2)—change of the tem-
perature at the expense of Joule’s heating. If νm depends on temperature θ , i.e., νm = νm(θ), then the system (1.1),
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(1.2) can be rewritten in the following form [5]:

∂H

∂t
= − rot


a

 t

0

 rot H
2 dτ


rot H


, (1.3)

where function a = a(S) is defined for S ∈ [0,∞).
Note that integro-differential parabolic models of (1.3) type are complex and still yields to the investigation only

for special cases (see, for example, [6–9,5,10–16] and references therein).
Study of the models of type (1.3) has begun in the work [5]. In particular, for the case a(S) = 1 + S the theorems

of existence of solution of the first boundary value problem for scalar and one-dimensional space case and uniqueness
for more general cases are proved in this work. One-dimensional scalar variant for the case a(S) = (1 + S)p,
0 < p ≤ 1 is studied in [7]. Investigations for multi-dimensional space cases at first are carried out in the work [8].
Multidimensional space cases are also discussed in the following works [11,14].

Asymptotic behavior as t → ∞ of solutions of initial–boundary value problems for (1.3) type models are studied
in the work [9,11–13] and in a number of other works as well. In these works main attention is paid to one-dimensional
analogs.

Interest to above-mentioned integro-differential models is more and more arising and initial–boundary value
problems with different kinds of boundary and initial conditions are considered. Particular attention should be paid
to construction of numerical solutions and to their importance for integro-differential models. Finite element analogs
and Galerkin method algorithm as well as settling of semi-discrete and finite difference schemes for (1.3) type one-
dimensional integro-differential models are studied in [10,13,17,16] and in the other works as well.

Our aim is to study long-time behavior of solution and semi-discrete scheme for numerical solution of
initial–boundary value problem with mixed boundary condition for the one-dimensional (1.3) equation. Attention
is paid to the investigation of more wide cases of nonlinearity than already were studied.

This article is organized as follows. In Section 2 the formulation of the problem and asymptotic behavior of solution
is studied. Main attention is paid to construction and investigation of semi-discrete scheme in Section 3. We conclude
the paper with some discussion of future research in this area in Section 4.

2. Long-time behavior of solution

If the magnetic field has the form H = (0, 0,U ), U = U (x, t), then from (1.3) we obtain the following nonlinear
integro-differential equation

∂U

∂t
=

∂

∂x


a(S)

∂U

∂x


, (2.1)

where

S(x, t) =

 t

0


∂U

∂x

2

dτ. (2.2)

In the domain (0, 1)× (0,∞) let us consider the following initial–boundary value problem for (2.1), (2.2):

U (0, t) =
∂U (x, t)

∂x


x=1

= 0,

U (x, 0) = U0(x), (2.3)

where U0 is a given function.
The study of long-time behavior of solution of the problem (2.1)–(2.3) is actual.
The following statement shows the exponential stabilization of the solution of problem (2.1)–(2.3) in the norm of

the Sobolev space H1(0, 1).

Theorem 1. If a(S) = (1 + S)p, 0 < p ≤ 1 and U0 ∈ H2(0, 1), U0(0) =
∂U (x,t)
∂x


x=1

= 0, then for the solution of

problem (2.1)–(2.3) the following estimate holds as t → ∞∂U

∂x

 +

∂U

∂t

 ≤ C exp


−
t

2


.
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