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On the set of permutations of a finite set, we construct a 
bijection which maps the 3-vector of statistics (maj − exc,
des, exc) to a 3-vector (maj2, d̃es2, inv2) associated with the 
q-Eulerian polynomials introduced by Shareshian and Wachs 
(2014) [10].
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0. Notations

For all pair of integers (n, m) such that n < m, the set {n, n +1, . . . , m} is indifferently 
denoted by [n, m], ]n − 1, m], [n, m + 1[ or ]n − 1, m + 1[.

The set of positive integers {1, 2, 3, . . .} is denoted by N>0.
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For all integer n ∈ N>0, we denote by [n] the set [1, n] and by Sn the set of the 
permutations of [n]. By abuse of notation, we assimilate every σ ∈ Sn with the word 
σ(1)σ(2) . . . σ(n).

If a set S = {n1, n2, . . . , nk} of integers is such that n1 < n2 < . . . < nk, we sometimes 
use the notation S = {n1 < n2 < . . . < nk}.

1. Introduction

Let n be a positive integer and σ ∈ Sn. A descent (resp. excedance point) of σ is an 
integer i ∈ [n − 1] such that σ(i) > σ(i + 1) (resp. σ(i) > i). The set of descents (resp. 
excedance points) of σ is denoted by DES(σ) (resp. EXC(σ)) and its cardinal by des(σ)
(resp. exc(σ)). The integers σ(i) with i ∈ EXC(σ) are called excedance values of σ.

It is due to MacMahon [5] and Riordan [7] that∑
σ∈Sn

tdes(σ) =
∑

σ∈Sn

texc(σ) = An(t),

where An(t) is the n-th Eulerian polynomial [1]. A statistic equidistributed with des or 
exc is said to be Eulerian. The statistic ides defined by ides(σ) = des(σ−1) obviously is 
Eulerian.

The major index of a permutation σ ∈ Sn is defined as

maj(σ) =
∑

i∈DES(σ)

i.

It is also due to MacMahon that

∑
σ∈Sn

qmaj(σ) =
n∏

i=1
(1 − qi)/(1 − q).

A statistic equidistributed with maj is said to be Mahonian. Among Mahonian statistics 
is the statistic inv, defined by inv(σ) = |INV(σ)| where INV(σ) is the set of inversions
of a permutation σ ∈ Sn, i.e. the pairs of integers (i, j) ∈ [n]2 such that i < j and 
σ(i) > σ(j).

In [10], Shareshian and Wachs consider analogous versions (introduced in [6]) of the 
above statistics: let σ ∈ Sn, the set of 2-descents (resp. 2-inversions) of σ is defined as

DES2(σ) = {i ∈ [n− 1] : σ(i) > σ(i + 1) + 1}

(resp.

INV2(σ) = {1 ≤ i < j ≤ n : σ(i) = σ(j) + 1})

and its cardinal is denoted by des2(σ) (resp. inv2(σ)).
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