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1. Introduction

An ever-growing body of research has been devoted to the study of various measures
of disorder on permutations, with the intention of expressing how many elementary
operations (whose type may vary but which are fixed beforehand) they should un-
dergo in order to become sorted. One of the earliest examples of such a measure
is the Cayley distance, which corresponds to the minimum number of transpositions
that must be applied to a permutation in order to obtain the identity permutation.
This distance is easily expressed in terms of the number of cycles of the permuta-
tion [6], and the signless Stirling numbers of the first kind can be used to charac-
terise exactly the distribution of the Cayley distance — i.e., the number of permuta-
tions of n elements with Cayley distance k. Motivations for studying these distances
and their distributions outside pure mathematical fields include the study of sort-
ing algorithms [10], genome comparison [11], and the design of interconnection net-
works [16].

We focus in this paper on the prefix exchange operation, a restricted kind of trans-
position that swaps any element of a permutation with its first element. This operation
was introduced by Akers and Krishnamurthy [1], who also gave a formula for computing
the associated prefix exchange distance, i.e., the minimum number of prefix exchanges
required to transform a given permutation into the identity permutation. Portier and
Vaughan [18] later succeeded in obtaining the generating function of the corresponding
distribution, which they then used to derive an explicit formula (with subsequent correc-
tions by Shen and Qiu [21]) as well as recurrence formulas for computing the so-called
“Whitney numbers of the second kind for the star poset”, i.e., the number of permuta-
tions of size n with prefix exchange distance k (see Portier [17] for a table with the first
few terms).

We revisit in this paper the results obtained by Portier and Vaughan [18] by tak-
ing the opposite direction: we first obtain new proofs for their exact and recurrence
formulas, and then use these formulas to recover their expression for the generating
function. Our proofs are purely combinatorial, a desirable property since such proofs
are often simpler in addition to providing new insight into the underlying objects
[5,22].

We then proceed to obtaining the mean and the variance of the distribution, and
finally, we examine the behaviour of this distribution when n tends to infinity: in partic-
ular, we show that the normalised prefix exchange distribution converges in distribution
to the standard normal distribution. Our result enriches the family of combinatorial
sequences which were previously shown to behave asymptotically normally, like the
(signless) Stirling numbers of first and second kind, the Eulerian numbers, the adja-
cent transposition distance distribution and the related distribution of the number of
inversions in a permutation — for precise definitions of these sequences and asymptotic
normality results, as well as other examples, see [9,3,12].
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