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Let X be a finite set, N be a reticulation-visible network on X, 
and T be a rooted binary phylogenetic tree. We show that 
there is a polynomial-time algorithm for deciding whether or 
not N displays T . Furthermore, for all |X| ≥ 1, we show that 
N has at most 8|X| − 7 vertices in total and at most 3|X| − 3
reticulation vertices, and that these upper bounds are sharp.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Phylogenetic networks have become increasingly more prominent in the literature 
as they correctly allow the evolution of certain collections of present-day species to be 
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Fig. 1. The phylogenetic network N displays the rooted binary phylogenetic tree T .

described with reticulation (non-tree-like) events. However, the evolution of a particular 
gene can generally be described without reticulation events. As a result, analysing the 
tree-like information in a phylogenetic network has become a common task. Central to 
this task is that of deciding if a given phylogenetic network N infers a given rooted 
binary phylogenetic tree on the same collection of taxa. In this paper, we show that if 
N is a so-called reticulation-visible network, then there is a polynomial-time algorithm 
for making this decision. This resolves a problem left open in [2] and [4]. In the rest of 
the introduction, we formally state this result as well as the other main result which 
concerns the number of vertices in a reticulation-visible network.

Throughout the paper, X denotes a non-empty finite set. A phylogenetic network 
on X is a rooted acyclic digraph with no parallel arcs and the following properties:

(i) the root has out-degree two;
(ii) vertices of out-degree zero have in-degree one, and the set of vertices with out-degree 

zero is X; and
(iii) all other vertices either have in-degree one and out-degree two, or in-degree two and 

out-degree one.

For technical reasons, if |X| = 1, then we additionally allow N to consist of the single 
vertex in X. The vertices in N of out-degree zero are called leaves. Furthermore, the 
vertices of N with in-degree two and out-degree one are called reticulations, while the 
vertices of in-degree one and out-degree two are called tree vertices. The arcs directed 
into a reticulation are reticulation arcs; all other arcs are called tree arcs. Note that, what 
we have called a phylogenetic network is sometimes referred to as a binary phylogenetic 
network. A rooted binary phylogenetic X-tree is a phylogenetic network on X with no 
reticulations.

Let N be a phylogenetic network on X and let T be a rooted binary phylogenetic 
X-tree. We say that N displays T if T can be obtained from N by deleting arcs and 
vertices, and contracting degree-two vertices. To illustrate, in Fig. 1, the phylogenetic 
network N on X = {x1, x2, x3, x4, x5} displays the rooted binary phylogenetic X-tree T . 
The particular problem of interest is the following:
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