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1. Introduction

Let (ut)i>0 be a free unitary Brownian motion in the sense of [3,4] — that is, every
uy is a unitary element in some tracial -probability space (Ay, ¢;), with ¢ (us) = e~/
and where the rescaled element v, := e'/?u; has S-transform given by

Sy, (2) =€, ze€C. (1.1)

Closely related to Eq. (1.1), one has a nice formula for the free cumulants of wy, i.e. for
the sequence of numbers (,‘in(ut7 ceey ) )20:17 where k, : A} — C is the n-th free cu-
mulant functional of the space (A, ¢:). Indeed, these numbers are the coefficients of the
R-transform R,,. By using the relation between the S-transform and the compositional
inverse of the R-transform (which simply says that zS(z) = R{~1(z)), one finds that

Ro () = %W(tz), £>0, (1.2)

where

3 8

W — 2 .3 _ =

W=y-y"+3v" —3

is the Lambert series. Extracting the coefficient of 2™ in (1.2) gives the value of
Kn (Vg ..., vt), then rescaling back gives

—nt/2 (_n)n71

p " neN, t>0. (1.3)

Fn(Uty .oy up) = e_"t/Qﬁn(vt, L) =e
In this paper we study joint free cumulants of u; and w}, that is, quantities of the
form

nn(uf(l), e ), where n € Nand w = (w(1),...,w(n)) € {1,%}".

The motivation for paying attention to these joint free cumulants comes from looking
at the limit ¢ — oo, when wu; approximates in distribution a Haar unitary. Recall that
a unitary w in a x-probability space (A, ) is said to be a Haar unitary when it has
the property that ¢(u™) = 0 for every n € Z\ {0}. This property trivially implies
Kn(u,...,u) = 0 for every n € N, thus the free cumulants of u alone do not look too
exciting. However, things become interesting upon considering the larger family of joint
free cumulants of v and u*. There we get the following non-trivial formula, first found
in [10]: for w = (w(1),...,w(n)) € {1,*}" one has

(=1)F1Ck_y, if niseven, n =2k, and
w(1) w(n)y _ w=(1,%1,%,...,1,%) 14
et ) orw=(x1,%1,...,%1), (14)
0, otherwise,
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