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Namely, we prove that if K is a 3-dimensional zonoid of
volume 1, then its second projection body IT?K is contained
in 8 K, while if K is any symmetric 3-dimensional convex body
of volume 1, then I1? K contains 6 K. Both inclusions are sharp.
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1. Introduction

Let K be a convex body in R?, that is convex, compact and with non-empty interior.
Denote the volume of K by V4(K) = V(K) and by h its support function. The support
function of K is defined as
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hi(z) = Ig}lea%@’w , x€RY.
The support function of K is convex and positively homogeneous. Moreover, if L is
a different convex body with L O K, then hy > hg and hx # hr, therefore K is
characterized by its support function. On the other hand, any convex and positively
homogeneous function is the support function of a (unique) convex body. The support
function is, furthermore, additive with respect to the Minkowski addition: hxyy =
hx + har, where M is a convex body and K+ M :={z+y |z € K, y € M}.
Define the projection body 11K of K by its support function

1
e () = Vs () = 3 / [, )] dSic(y) , ue ST
gd—1

Here, K|u't denotes the orthogonal projection of K on the subspace which is orthogonal
to u and S(K, -) stands for the surface area measure of K, viewed as a measure on S9!,
This is defined as

Sk (Q) = V({x € bd(K) : 3 u €, so that u is a normal unit vector for K at x}) .

It is clear that the projection body of a polytope is a zonotope, i.e., the Minkowski sum of
a finite number of line segments and in general the projection body of a convex body is a
zonoid, i.e. a limit of zonotopes, in the sense of the Hausdorff metric. Conversely, it can be
proven that all zonoids are, up to translation, projection bodies of convex bodies. We refer
to [38,8,13,15,14] for more information about support functions and projection bodies.

C.M. Petty [25] proved that IIK is an affine equivariant, in particular the following
expression

V(1K)

P(K) := V(K—)d_l

is invariant under invertible affine maps. Therefore, and since P(K) is continuous with
respect to the Hausdorff metric, classical arguments ensure the existence of its extremal
values; these are both finite and positive. The determination of these extremals is a
difficult and challenging problem in convex and affine geometry. It should be noted that
the problem is interesting only for d > 3. In the plane (see e.g. [33]), the minimizers are
all centrally symmetric convex figures and the maximizers are precisely the triangles.
Before we state our main results, we would like to say a few words about the history of
this problem.
Petty [26] conjectured that

P(K) Z wg—lwsid 9

with equality if and only if K is an ellipsoid, where wq is the volume of the d-dimensional
unit ball BY. The Petty conjecture, if true, would be a powerful tool in the study of var-
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