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A plane partition is a p x q matrix A = (a;;), where 1 <i < p and
1 < j < g, with non-negative integer entries, and whose rows and
columns are weakly decreasing. From a geometric point of view
plane partitions are equivalent to pyramids, subsets of the integer
lattice Z3 which play an important role in Discrete Tomography.
As a consequence, some typical problems concerning the tomog-
raphy of discrete lattice sets can be rephrased and considered via
plane partitions. In this paper we focus on some of them. In par-
ticular, we get a necessary and sufficient condition for additivity,
a canonical procedure for checking the existence of (weakly) bad
configurations, and an algorithm which constructs minimal pyra-
mids (with respect to the number of levels) with assigned projec-
tion of a bad configurations.

© 2012 Elsevier Inc. All rights reserved.

1. Introduction

In several papers the notion of plane partition has been considered, since the early works of
P.A. MacMahon (who collected his results in this area in [4, Sections IX and X]). More recently plane
partitions have been reinterpreted in terms of pyramids (see, for instance [7-11]). This provides an
important link with Discrete Tomography and its typical problems, where sets of uniqueness and ad-
ditive sets are frequently looked for. (See Section 2 for all terminology.) It is known that every additive
set is a set of uniqueness, but not conversely [1, Theorems 2 and 5] or [2, Section 2.5]. From this point
of view pyramids play a special role, since a necessary and sufficient condition for a pyramid to be
additive is known by [9, Theorem 1]. Also, assuming that the slice vectors are weakly decreasing, ev-
ery set of uniqueness is a pyramid [9, Corollary 3.2]. In [1], with a particular combinatorial argument,
an example of pyramid which is a non-additive set of uniqueness is exhibited. In [8, Example 3.7],
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a thickening of such a pyramid proves to have a bad configuration, and consequently it is not a set
of uniqueness. On the other hand in [9], by an algebraic approach, a slightly modified construction is
shown to be an additive pyramid. These results suggest the following natural question: how are such
different behaviors of quite similar sets related to their representations by plane partitions?

As an attempt to answer this question, we address the following problems.

Problem 1. Find a characterization of additive pyramids uniquely based on the entries of the associ-
ated plane partition.

Problem 2. Find a canonical procedure for checking the existence of a (weakly) bad configuration in
a given pyramid.

Problem 3. Let F = (Zg, Wg) C Z? be a switching component with respect to the coordinate di-
rections, and let m : Z3> — Z2? be the orthogonal projection 7 (x1, X2, X3) = (X1, %2, 0). (Here Z?2 is
identified with the set of points (x1, x2,0) € Z3.) Is there an algorithm which constructs a minimal
(with respect to the number of levels) non-additive pyramid, with a (weakly) k-bad configuration
(Z*, W*) such that m(Z*) = Zg and m(W™*) = Wy?

Motivations to Problem 1 come from [9, Theorem 1], where the additivity of a given pyramid can
be easily checked by means of two suitable lists of real numbers (see Theorem 1). This is a very
interesting result, though the construction of such lists of numbers is not explicitly given, as well
as their geometric meaning is not apparent. Therefore, an intrinsic condition (depending only on the
associated plane partition) should be desirable.

Problem 2 raises from the analysis of some non-additive pyramids that we know from the litera-
ture. We found that the non-additivity property is provided by exhibiting (weakly) bad configurations
which come out with no explicit construction. Our purpose is to show a general procedure which
finds possible (weakly) bad configuration in a given pyramid.

It can be easily shown, via the orthogonal projection 7 : Z3 — Z2, that non-additive pyramids
provide a link between two important tomographic notions, namely zero-one normalized maximal
matrices (see [5]), and switching-components with respect to the coordinate directions (see [3] for an
algebraic characterization of switching-components). More precisely, the orthogonal projection of a
pyramid S determines a set of lattice points in Z? corresponding to a maximal zero-one matrix, sim-
ply obtained by normalizing the entries of the plane partition associated to S. Further, the orthogonal
projection of a (weakly) bad configuration (W, Z) C Z> for S (with respect to the coordinate planes)
determines a switching-component (Zo, W) C Z? (with respect to the coordinate directions). The in-
verse problem of reconstructing non-additive pyramids, and hence the corresponding plane partition,
from the knowledge of (Zy, W) sounds tomographically interesting, also in view of a better under-
standing of ambiguous (non-unique) solutions. Problem 3 addresses this question under a constraint
of minimality with respect to the number of levels.

The paper is organized as follows. In Section 2 the main notations and definitions are supplied,
together with some preliminary results. In Section 3 we give a necessary and sufficient condition for
a pyramid to be non-additive (Theorem 2) which gives an answer to Problem 1. As a consequence
we get Corollary 4, which represents an extension to k-bad configurations (k > 2) of a result concern-
ing 3-bad configurations obtained by E. Vallejo in [8] (it is explicitly derived as a particular case of
Corollary 4 in Appendix A). In Section 4 the notion of corner point is introduced, and an answer to
Problem 2 is provided in Theorem 8. In Section 5 we provide an explicit construction which solves
Problem 3, together with a few examples.

2. Notations and preliminary results
Let N and Z denote the set of natural and integer numbers, respectively. For m € N we denote

by [m] the set {1,...,m}. Also, for p,q,r € N, let B(p,q,r) = [p] x [q] x [r] denote the three-
dimensional box in the integer lattice Z3, with sides parallel to the coordinate axes. For any subset
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