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1. Metivation and general approach

We study the complete elliptic integral of the first kind, K(x), and the second kind, E(x), defined
by:

Definition 1.
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As usual, K'(x) = K(x'), E'(x) = E(x'), where x’ = +/1 — x2. Recall that ,F; denotes the generalised
hypergeometric series,
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The complete elliptic integrals, apart from their theoretical importance in arbitrary precision nu-
merical computations [6] and the theory of theta functions, are also of significant interest in applied
fields such as electrodynamics [18], statistical mechanics, and random walks [9,10]. Indeed, they were
first used to provide explicit solutions to the perimeter of an ellipse (among other curves) as well as
the (exact) period of an ideal pendulum.

The author was first drawn to the study of integral of products of K and E in [9], in which it is
shown that
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by relating both sides to a moment of the distance from the origin in a four step uniform random
walk on the plane.

A much less recondite proof was only found later: set x = (1 —t)/(1 +t) on the left-hand side
of (3), and apply the quadratic transform (4) below, and the result readily follows.

The four quadratic transforms [6], which we will use over and over again, are
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In the following sections we will consider definite integrals involving products of K, E, K’, E’, espe-
cially the moments of the products. A goal of this paper is to produce closed forms for these integrals
whenever possible. When this is not achieved, closed forms for certain linear combinations of inte-
grals are instead obtained. Thus, we are able to prove a large number of experimentally observed
identities in [3].

The somewhat rich and unexpected results lend themselves for easy discovery, thanks to the
methods of experimental mathematics: for instance, the integer relations algorithm PSLQ [12], the In-
verse Symbolic Calculator (ISC, now hosted at CARMA [14]), the Online Encyclopedia of Integer Sequences
(OEIS [17]), the Maple package gfun, Gosper’s algorithm (which finds closed forms for indefinite sums
of hypergeometric terms [15]), and Sister Celine’s method [15]. Indeed, large scale computer experi-
ments [3] reveal that there is a huge number of identities in the flavour of (3). Once discovered, many
results can be routinely established by the following elementary techniques:

(1) Connections with and transforms of hypergeometric and Meijer G-functions [18], as in the case
of random walk integrals (Section 3).

(2) Interchange order of summation and integration, which is justified as all terms in the relevant

series are positive (Section 4).

Change the variable x to x/, usually followed by a quadratic transform (Section 5).

Use a Fourier series (Section 6).

Apply Legendre’s relation (Section 7).
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6) Differentiate a product and integrate by parts (Section 8).
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Note that Section 2 and most of Section 7 are expository. The propositions in Section 4 are well
known, but the arithmetic nature of the moments, Theorem 3 and Lemma 3 in Section 6 do not seem
to have featured in previous literature. Section 3 contains new general formulae for the moments of
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