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A unicellular map is the embedding of a connected graph in a sur-
face in such a way that the complement of the graph is simply
connected. In a famous article, Harer and Zagier established a for-
mula for the generating function of unicellular maps counted ac-
cording to the number of vertices and edges. The keystone of their
approach is a counting formula for unicellular maps on orientable
surfaces with n edges, and with vertices colored using every color
in [q] (adjacent vertices are authorized to have the same color).
We give an analogue of this formula for general (locally orientable)
surfaces.
Our approach is bijective and is inspired by Lass’s proof of the
Harer–Zagier formula. We first revisit Lass’s proof and twist it into
a bijection between unicellular maps on orientable surfaces with
vertices colored using every color in [q], and maps with vertex
set [q] on orientable surfaces with a marked spanning tree. The bijec-
tion immediately implies Harer–Zagier’s formula and a formula by
Jackson concerning bipartite unicellular maps. It also shed a new
light on constructions by Goulden and Nica, Schaeffer and Vas-
silieva, and Morales and Vassilieva. We then extend the bijection to
general surfaces and obtain a correspondence between unicellular
maps on general surfaces with vertices colored using every color
in [q], and maps on orientable surfaces with vertex set [q] with
a marked planar submap. This correspondence gives an analogue of
the Harer–Zagier formula for general surfaces. We also show that
this formula implies a recursion formula due to Ledoux for the
numbers of unicellular maps with given numbers of vertices and
edges.
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1. Introduction

A map is a cellular embedding of a connected graph on a surface considered up to homeomor-
phism (see Section 3 for definitions). A planar map is a map on the sphere. A map is said unicellular
if it has a single face. For instance, the planar unicellular maps are the plane trees. A map is said
orientable if the underlying surface is orientable.

In [7] Harer and Zagier considered the problem of enumerating orientable unicellular maps accord-
ing to the number of edges and vertices (or, equivalently by Euler formula, according to the number of
edges and the genus). The keystone of their approach is an enumerative formula for unicellular maps
with colored vertices (these colorings are not necessarily proper, that is, two adjacent vertices can
have the same color): they proved that the number of rooted unicellular maps on orientable surfaces
having n edges and vertices colored using every color in [q] := {1, . . . ,q} is

Tn(q) = 2q−1
(

n

q − 1

)
(2n − 1)!!, (1)

where (2n − 1)!! = (2n − 1)(2n − 3) · · · 1.
From (1), it follows that the numbers εv (n) of unicellular maps on orientable surfaces with n edges

and v vertices satisfy

n+1∑
v=1

εv(n)N v =
n+1∑
q=1

(
N

q

)
2q−1

(
n

q − 1

)
(2n − 1)!!. (2)

Since both sides of the equation represent the number of unicellular maps with vertices colored using
some of the colors in [N] (since maps with n edges have at most n + 1 vertices, and the index q on
the right-hand side corresponds to the number of colors really used). From this equation, Harer and
Zagier obtained a recurrence relation for the numbers εv(n) of orientable unicellular maps with n
edges and v vertices:

(n + 1)εv(n) = (4n − 2)εv−1(n − 1) + (n − 1)(2n − 1)(2n − 3)εv(n − 2).

The proof of (1) in [7] used a matrix integral argument (see [9] for an accessible presentation). A com-
binatorial proof was later given by Lass [10], and subsequently a bijective proof was given by Goulden
and Nica [6].

The goal of this paper is to give an analogue of Eq. (1) for unicellular maps on general (i.e. locally
orientable) surfaces, and to describe the bijections hiding behind it (see Eq. (4) below). In order to do
so, we first simplify slightly the proof of Lass for the orientable case, and then show how to extend it
in order to deal with the general case.

In Section 3, we revisit Lass’s proof of (1) in order to obtain a bijection Φ between orientable uni-
cellular maps colored using every color in [q] and orientable tree-rooted maps (maps with a marked
spanning tree) with vertex set [q]. This bijective twist given to Lass’s proof turns out to simplify cer-
tain calculations because tree-rooted maps are easily seen to be counted by the right-hand side of (1).
As mentioned above, a bijection was already exhibited by Goulden and Nica for unicellular maps on
orientable surfaces in [6]. However, this bijection is presented in terms of the permutations (in par-
ticular the image of the bijection is not expressed in terms of maps) which makes its definition and
analysis more delicate. By contrast, it is immediate to see that the bijection Φ satisfies the following
property:

(�) for any unicellular map U colored using every color in [q] and for any colors i, j ∈ [q], the number
of edges of U with endpoints of color i, j is equal to the number of edges between the vertices
i, j in the tree-rooted map Φ(U ).
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