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This paper presents a new algorithm for the absolute factorization
of parametric multivariate polynomials over the field of rational
numbers. This algorithm decomposes the parameters space into
a finite number of constructible sets. The absolutely irreducible
factors of the input parametric polynomial are given uniformly
in each constructible set. The algorithm is based on a parametric
version of Hensel’s lemma and an algorithm for quantifier elimi-
nation in the theory of algebraically closed field in order to reduce
the problem of finding absolute irreducible factors to that of
representing solutions of zero-dimensional parametric polynomial
systems. The complexity of this algorithm is single exponential in
the number n of the variables of the input polynomial, its degree d
w.r.t. these variables and the number r of the parameters.

© 2010 Elsevier Inc. All rights reserved.

1. Introduction

A polynomial with coefficients in a field K is said to be absolutely irreducible if it is irreducible
over an algebraic closure K of K , this is equivalent to that it is irreducible over all algebraic extensions
of K . Its absolute factorization is its unique decomposition into a product of absolutely irreducible
factors.
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A parametric multivariate polynomial is a polynomial F ∈ Q[u1, . . . , ur][X0, . . . , Xn] whose polyno-
mial coefficients (over Q) in the variables u = (u1, . . . , ur) (the parameters). In this paper, we suppose
that the parameters are algebraically independent over Q, therefore all coefficients of parametric mul-
tivariate polynomials are algebraically independent over Q (see the second paragraph of Section 3.4
for the general case).

The main goal of the paper is to compute the absolute factorization of a parametric multivariate
polynomial F uniformly for different values of the parameters in the set P = Qr which we call the
parameters space (see below and Example 1.6). In the sequel, let us adopt the following notation:
for a polynomial g ∈ Q(u1, . . . , ur)[X0, . . . , Xn] and a value a = (a1, . . . ,ar) ∈ P of the parameters, we
denote by g(a) the polynomial of Q[X0, . . . , Xn] which is obtained by specialization of u by a in the
coefficients of g if their denominators do not vanish on a.

Definition 1.1. A Parametric Absolutely Irreducible Factor (PAIF) of a parametric multivariate polyno-
mial F ∈ Q[u1, . . . , ur][X0, . . . , Xn] is a 3-tuple (W , φ, G) where W is a constructible subset of P ,
φ ∈ Q(u)[C] (C is a new variable) and G ∈ Q(C, u1, . . . , ur)[X0, . . . , Xn] is a parametric multivariate
polynomial with rational coefficients in C and u1, . . . , ur . This 3-tuple does satisfy the following prop-
erties:

• All rational functions coefficients of φ in Q(u) are well-defined on W .
• For any a ∈ W , there exists c ∈ Q, a root of φ(a) ∈ Q[C] such that the denominators of the coeffi-

cients of G do not vanish on (c,a) and G(c,a) is an absolutely irreducible factor of F (a) .

Remark 1.2. Recall that in symbolic computation, the absolute factorization of a polynomial over
a ground field K requires also to compute a primitive extension K [α] of K (represented by the min-
imal polynomial of α over K ) that contains all coefficients of all the absolutely irreducible factors of
the polynomial to be factored. For this reason, PAIFs contain a polynomial φ which defines paramet-
rically the algebraic extension of Q where the coefficients of G belong to, i.e., for any a ∈ W , there
exists c ∈ Q such that G(c,a) ∈ Q(c)[X0, . . . , Xn] and the minimal polynomial of c over Q is a divisor
of φ(a) in Q[C].

Definition 1.3. A Parametric Absolute Factorization (PAF) of a parametric multivariate polynomial
F ∈ Q[u1, . . . , ur][X0, . . . , Xn] is a tuple (W , φ, G1, . . . , Gs) where s is a given integer, W is a con-
structible subset of P , φ ∈ Q(u)[C] and for all 1 � j � s, G j ∈ Q(C, u1, . . . , ur)[X0, . . . , Xn] is a
parametric multivariate polynomial with rational coefficients in C and u1, . . . , ur . This tuple does
satisfy the following properties:

• All rational functions coefficients of φ in Q(u) are well-defined on W .
• For any a ∈ W , there exists c ∈ Q, a root of φ(a) ∈ Q[C] such that for all 1 � j � s, the denomina-

tors of the coefficients of G j do not vanish on (c,a) and

F (a) = G(c,a)
1 · · · G(c,a)

s

is the absolute factorization of F (a) .

Remark 1.4. Let (W , φ, G1, . . . , Gs) be a PAF of a parametric multivariate polynomial F ∈ Q[u1, . . . ,

ur][X0, . . . , Xn]. Then G1, . . . , Gs are the unique polynomials in Q(C, u1, . . . , ur)[X0, . . . , Xn] such that
for all 1 � j � s, (W , φ, G j) is a PAIF of F (for fixed W and φ). Therefore, the number of absolutely
irreducible factors of F is constant in W .

The main theorem of the paper ensures that we can cover all values of the parameters as fol-
lows:
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