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34E05 volving the volume of the n-dimensional unit ball. New refinements and sharpenings of
g‘;?g some old and recent inequalities on the volume of the n-dimensional unit ball are pre-
26D15 sented.

© 2016 Elsevier Inc. All rights reserved.
Keywords:

Gamma function

Volume of the unit ball
Asymptotic series
Approximations and estimates
Two-sided inequalities

1. Introduction and motivation

In the recent past, inequalities about the volume of the unit ball in R":
an/Z
r(5+1)
have attracted the attention of many authors. See, e.g., [2-23], where also further results on the gamma function are ob-

tained. Here I denotes Euler’s gamma function defined for every real number x > 0, by the formula:

Qp = (neN) (1)

Cix+1) =/ tYe~tdt,
0

while N denotes the set of all positive integers and Ny = NU {0}.

A wide series of research methods were imagined, ranging from convexity, monotonicity, Mean Value Theorems to several
numerical methods, such as those using computer softwares for symbolic computation. It is true that these methods permit
us to obtain several estimates of nice shape, but of limited accuracy.

We propose in this paper an original approach using the theory of asymptotic series. Let

f(m)~gm)  (neN) (2)
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be an approximation formula, in the sense that the ratio % converges to 1, when n approaches infinity. In asymptotic

theory, there is a tendency to improve (2) by adjoining new factors, possibly an entire series of the form

f) ~g(n)exp{2‘;’jﬁ}.

j=1

Truncated at the mth term, this series, also called an asymptotic series, provides approximations to any accuracy of n=(m+1)
for every integer m > 1. Usually, it can be proven that these truncations are under-, or upper- approximations of the given
function f(n).

Such a phenomenon appears in the case of Stirling’s formula

F(x+l)~«/2nx<§)x (xeR; X > o)

and its associated asymptotic series, as x — oo:

By;

lnF(x+1)~—ln27r+<x+ )lnx x+221(21 DT

Here B/.s are Bernoulli’s numbers, defined by the generating function:
_1 Z i JI
j=0

The first Bernoulli’s numbers are By =1, B; = —3, By = §, By = — 5. Bg =
Replacement of these values in (3), yields

. Bg = —55. while By, ; =0, for every k e N.

&=

In(x+1) ~ %ln2n+<x+%)lnx—x

4 (L 1 . 1 1 n 1 691 N 1 )
12x  360x3 ~ 1260x5 1680x7 = 1188x° 360360x!! = 156x'3 ’
Other details about Stirling’s formula and Bernoulli’s numbers can be read in the basic monograph [1].
Alzer |2, Theorem 8] investigated the complete monotonicity of some functions involving the series (3), then he proved
the following double inequality:

Qapi3(X) <INT (X + 1) < 04941 (X) (x>0; p,qeNy), (4)
where in general, ay,_1(x) denotes the truncation of the series (3) up to the term containing x~(m-1);

1 B
aZm,l(x)ziln2n+< )lnx x+ZW (x>0; meN).

Our contribution in this paper is the construction of the asymptotic series for the quantities

Qn—l Qn—] In Q% Q%

Qn ’ Qn Qn—] Qn+1 Qn—lQnJrl
and for other related functions. By truncation of these series, we obtain several lower- and upper- bounds for the functions
involved. As example of the applicability of our products, we show how can be improved the following classical results:

Qn. %mgz,,, Q" In

« Chen and Lin [10] (a=§ -1, b= 1):
1 (2ne>% 1 (Zne)%
() <. —— (n € N):
yr@mt+ah N " /mmrby\ N

 Borgwardt [8] (a=0, b= 1), Alzer [3] and Qiu and Vuorinen [22] (a % b=7% -1):

n+a _ nl n+b
‘/ <4/ o (neN);

« Alzer [3] (a* = igg B =

£<$<ﬁ
VT Quo1 4+ Qua

(neN);
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