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In this paper, we present a stochastic hepatitis B virus (HBV) infection model with logistic 

hepatocyte growth. We show that the stochastic differential equation (SDE) HBV model has 

at least one periodic solution induced by the white noise, and a unique stationary distri- 

bution which is stable. One of the most interesting findings is that random perturbations 

may be beneficial to format the periodic solution to the SDE HBV model. 

© 2016 Elsevier Inc. All rights reserved. 

1. Introduction 

Hepatitis B virus (HBV) is one of the major disease in the world. The World Health Organization (WHO) has reported in 

2015 that there are an estimated 240 million chronically infected persons worldwide [1] . Infection with HBV represents a 

dynamic process with a spectrum of clinical outcomes ranging from acute infection followed by virus clearance to chronic 

persistence of the virus [2] . Between 20% and 30% of those who become chronically infected will develop these complica- 

tions, and an estimated 0.65 million people will die annually [3] . 

The study of HBV infection treatment may benefit from the use of mathematical modeling. Several models have been 

introduced for understanding HBV dynamics [2–5] . Among those models, Nowak et al. [4] formulated a basic virus infection 

model which is widely used in the studies of virus infection dynamics: ⎧ ⎨ 

⎩ 

˙ x = λ − dx − βv x, 

˙ y = βx v − ay, 

˙ v = ky − rv , 
(1) 

where x , y and v are numbers (densities) of healthy hepatocytes, infected hepatocytes and viral particles (virions) at time t , 

respectively. Healthy hepatocytes are assumed to be produced at the constant λ, die at the rate of dx and become infected 

at the rate of βx v , where β is a rate constant describing the infection process. Infected hepatocytes are thus produced at 

the rate of βx v and die at the rate of ay , and virus are produced by infected hepatocytes at a rate ky and removed at a rate 

rv . 
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Based on the results of [4] , and after considering the ability of regeneration of the hepatocytes possess, Li et al. [5] es- 

tablished an HBV infection model with logistic hepatocyte growth as follows: ⎧ ⎪ ⎨ 

⎪ ⎩ 

˙ x = r 1 x 

(
1 − x + y 

K 

)
− βx v , 

˙ y = βx v − a 1 y, 

˙ v = k 1 y − rv , 

(2) 

and they determined the extinction and the persistence of HBV infection by the basic reproduction number. 

Although persistent HBV infection is associated with ineffective CTL responses, the onset of chronic infections is consid- 

ered to be multifactorial with the potential contributing factors including mutational variations of HBV, alterations in the 

innate- and B-cell responses [6] . In fact, the parameters for growth depend on the state and nature of the virus, the con- 

dition of the immune system, and the environment in which the interaction takes place the body. The environment of the 

body is determined by the overall health of the individual. This overall health affects the condition and readiness of the 

immune system [7] . The variations can affect either the replication of the virus or its elimination kinetics. One way to ex- 

plore their impact on the dynamics of HBV infection could be the extension of the deterministic description of the virus-CTL 

interaction to include the stochastic forcing either in an additive or multiplicative way. The resulting stochastic models can 

offer a more realistic representation for studying the long-term kinetics of HBV-immune system interaction [2] . 

To incorporate the effect of mutational variations, here, based on the model of Li et al. [5] , we formulate a stochastic 

model by introducing the multiplicative noise terms into the growth equations of both the healthy and infected hepatocytes. 

Following [8–16] , in this paper, we assume that the infectious rate β will fluctuate around some average value due to 

continuous fluctuation in the environment. And we introduce randomness into the deterministic model (2) by perturbing β
to β + σζ (t) , and obtain the following stochastic differential equations: ⎧ ⎪ ⎨ 

⎪ ⎩ 

˙ x = r 1 x 

(
1 − x + y 

K 

)
− (β + σζ (t)) x v , 

˙ y = (β + σζ (t)) x v − a 1 y, 

˙ v = k 1 y − rv , 

(3) 

where ζ ( t ) is a Gaussian white noise and characterized by: 

〈 ζ (t) 〉 = 0 , 〈 ζ (t) ζ (t ′ ) 〉 = δ(t − t ′ ) , 

here 〈·〉 denotes ensemble average and δ( ·) is the Dirac- δ function. σ denotes the intensity of environmental forcing. Now 

we can rewrite model (3) into the form of stochastic differential equations as follows: ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

dx = 

(
r 1 x 

(
1 − x + y 

K 

)
− βx v 

)
dt − σ x v dB (t) , 

dy = 

(
βx v − a 1 y 

)
dt + σ x v dB (t) , 

dv = 

(
k 1 y − rv 

)
dt, 

(4) 

where B ( t ) is the standard one-dimensional independent Wiener process defined over the complete probability space 

(�, F , {F t } t≥0 , P) , the relations between the white noise terms and Wiener process are defined by dB (t) = ζ (t ) dt . 

On the other hand, as one of organismic physiological systems, human immune system has a very high degree of com- 

plexity. The HBV system can be modulated by circadian rhythms and some other behaviors such as periodically taking some 

drugs [17,18] . In view of this, we assume that the coefficients r 1 ( t ), K ( t ), β( t ), a 1 ( t ), k 1 ( t ), r ( t ) and σ ( t ) in the SDE model (5) are 

all positive T -periodic ( T is a positive constant) continuous functions. 

Based on the discussions above, in this paper, we will focus on the existence of nontrivial positive periodic solution in 

the following SDE HBV model with periodic immune response: 

⎧ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎩ 

dx = 

(
r 1 (t) x 

(
1 − x + y 

K(t) 

)
− β(t) x v 

)
dt − σ (t ) x v dB (t ) , 

dy = 

(
β(t) x v − a 1 (t) y 

)
dt + σ (t ) x v dB (t ) , 

dv = 

(
k 1 (t) y − r(t ) v 

)
dt . 

(5) 

The rest of this article is organized as follows: in Section 2 , we present some definitions and known results. In Section 3 , 

we prove that the SDE HBV model (5) has a globally positive solution. In Section 4 , we present sufficient conditions for 

the existence of a positive periodic solution of model (5) . In Section 5 , we provide some numerical results to support our 

analytical results. In the last section, Section 6 , we provide a brief discussion and summary of main results. 
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