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a b s t r a c t 

In this paper, we consider an optimal control model governed by a system of delay dif- 

ferential equations representing an SIR model. We extend the model of Kaddar (2010) by 

incorporating the suitable controls. We consider two control strategies in the optimal con- 

trol model, namely: the vaccination and treatment strategies. The model has three time 

delays that represent the incubation period, and the times taken by the vaccine and treat- 

ment to be effective. We derive the first-order necessary conditions for the optimal control 

and perform numerical simulations to show the effectiveness as well as the applicability 

of the model for different values of the time delays. These numerical simulations show 

that the model is more sensitive to the delays representing the incubation period and the 

treatment delay, whereas the delay associated with the vaccine is not significant. 

© 2016 Elsevier Inc. All rights reserved. 

1. Introduction 

Epidemiological models are often used to describe the dynamics of epidemic diseases in populations. There have been 

many variations of such classical epidemiological models [13,14] . These models are based on the standard Susceptible- 

Infectious-Susceptible, Susceptible-Infectious-Recovered and Susceptible-Exposed-Infectious-Recovered models, which are 

determined according to the difference on the method of transmission, nature of the disease, e.g., those with short/long 

incubation period, killer/curable diseases, etc, and the response of the individuals to it, for instance, gaining tran- 

sient/permanent immunity, dying from the disease, etc. [7,23,29] . The main purpose of formulating a such epidemiolog- 

ical model is to understand the long-term behavior of the epidemic disease and to determine the possible strategies to 

control it. 

Differential equations, whether they are ordinary, delay, partial or stochastic, are one of the main mathematical tools 

being used to formulate many epidemiological models. The focus in such epidemiological models has been on the incidence 

rate at which people move from the class of susceptible individuals to the class of infective individuals. These incidence 

rates have been modeled mostly by using bilinear and Holling type of functional responses [12,15,20,27,28] . 

On the other hand, optimal control has extensively been used as a strategy to control the epidemic outbreaks [9] . The 

main idea behind using the optimal control in epidemics is to search for, among the available strategies, the most effective 

strategy that reduces the infection rate to a minimum level while optimizing the cost of deploying a therapy or a preventive 
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vaccine that is used for controlling the disease progression (see, for example, [30] ). In terms of epidemic diseases, such 

strategies can include therapies, vaccines, isolation and educational campaigns [3,6,9,17] . 

Recently, many optimal control models pertaining to epidemic diseases have appeared in the literature. They include, but 

not limited to, delayed SIRS epidemic model [18] (where Laarbi et al. proposed an optimal control model governed by a 

delayed SIRS model with a single time delay representing the incubation period), delayed SIR model [1] (where Abta et al. 

formulated an optimal control model to optimize the costs of vaccination and treatment on a delayed SIR model with a sin- 

gle delay representing the incubation period and a saturated incidence rate), tuberculosis model [25] (where Silva and Torres 

proposed optimal control strategies to minimize the cost of interventions using data from Angola), HIV model [11] (where 

Hattaf and Yousfi used optimal controls to represent the efficiency of drug treatment in inhibiting viral production and pre- 

venting new infections), swine flu [5] (where Boklund et al. studied epidemiological and economic consequences of some 

control strategies in a classical swine flu epidemic under Danish conditions with respect to herd demographics and geogra- 

phy and investigated the effect of extra biosecurity measures on farms) and dengue fever [2] (where Aldila et al. designed 

an optimal control problem using four different control parameters and discussed some results about epidemic prevention 

and outbreak reduction strategies). 

An important class of optimal control problems, is the class of problems characterized by delay differential equations. 

The existence theorems and the derivation of the first order optimality conditions for optimal control problem governed by 

delay differential equations have been discussed by many authors [4,8,10,19] . Barati [4] introduced a new approach based 

on embedding method for finding an approximate solution for a wide range of nonlinear optimal control problems with 

delays in state and control variables subject to mixed-control state constraints. In [8] , Frankena considered a general optimal 

control problem involving ODEs with delayed arguments and a set of equality and inequality restrictions on state and control 

variables. Using variational techniques, she presented a maximum principle in pointwise form and then from this maximum 

principle, she derived necessary conditions for the existence of the optimal controls. Göllmann et al. [10] derived necessary 

optimality conditions in the form of Pontryagin’s minimum principle for optimal control problems with delays in state and 

control variables. In [19] , Nababan derived a Filippov-type lemma for functions involving delays. He then used this lemma 

to prove the existence of an optimal control for a class of nonlinear control processes with delays appearing in both state 

and control variables. 

In this paper, we consider an optimal control problem governed by a system of delay differential equations with multiple 

time delays. The governing state equations of the optimal control model are described in a SIR framework with a saturated 

incidence rate and a time delay representing the incubation period. This model is found in [16] . Furthermore, we consider 

two additional time delays in the optimal control model. These delays represent the times taken by the vaccine and therapy 

before each of these two strategies become effective. Then we derive first-order necessary conditions for existence of the 

optimal control and develop a numerical method for solving them. 

The rest of this paper is organized as follows. In Section 2 , we give the statement of the optimal control problem. We 

derive the necessary conditions for existence of the optimal control in Section 3 . In Section 4 , we describe the numerical 

method and present the resulting numerical simulations. Finally, we discuss these results in Section 5 along with some 

concluding remarks. 

2. Statement of the optimal control problem 

Given the initial state of the population ( S 0 , I 0 , R 0 ), our goal is to compute the optimal pair of vaccination and treatment 

strategies (u, v ) that would maximize the recovered population and minimize both the infected and susceptible populations; 

and at the same time minimize the costs of applying the vaccination and treatment strategies. To achieve this goal, optimal 

control is an appropriate choice for expressing the above problem mathematically. Therefore, we consider in this paper an 

optimal control problem of the form 

min 

(u, v ) ∈ U 
J(u (t) , v (t)) = S(T ) + I(T ) − R (T ) + 

∫ T 

0 

(
C 1 u 

2 (t) + C 2 v 2 (t) + S(t) + I(t) − R (t) 
)
dt , (2.1) 

subject to the state equations 

˙ S (t) = � − βS(t) I(t) 

1 + α1 S(t) + α2 I(t) 
− μS(t) − u (t ) S(t ) , (2.2) 

˙ I (t) = 

βS(t − τ ) I(t − τ ) 

1 + α1 S(t − τ ) + α2 I(t − τ ) 
− (μ + α + γ ) I(t) − v (t ) I(t ) , (2.3) 

˙ R (t) = γ I(t) + u (t − σ ) S(t − σ ) + v (t − δ) I(t − δ) − μR (t) , (2.4) 

and history data 

S(θ ) = ϕ S (θ ) , θ ≤ 0 , (2.5) 
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