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KeyWOTdS-‘ ) In this paper we carry out a complete Noether and Lie group classification of the radial

Lie symmetries form of a coupled system of hyperbolic equations. From the Noether symmetries we es-

Noether symmetries
Conservation laws

Hyperbolic Lane-Emdem system
Exact solutions

tablish the corresponding conserved vectors. We also determine constraints that the non-
linearities should satisfy in order for the scaling symmetries to be Noetherian. This led
us to a critical hyperbola for the systems under consideration. An explicit solution is also
obtained for a particular choice of the parameters.
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1. Introduction

The study of the coupled elliptic equations

{Au+vq=0,

Av+uP =0, (1)

called Lane-Emden systems, is an active branch in nonlinear analysis. In (1.1), u = u(x), v =v(x) and x € R". Such a sys-
tem, particularly when n > 3 and p, ¢ > 0, has been widely investigated from different point of views. See for example
[14,16,18,25].

System (1.1) can be considered as a natural generalisation of the celebrated Lane-Emden equation

Au+uP =0, (1.2)
where u = u(x), x e R" [18]. Eq. (1.2) has a “natural hyperbolic partner”, given by the nonlinear wave equation
Uy — Au—uP =0, (1.3)

where (t,x) e R™*" and u = u(t, x). In this case, t can be interpreted as a time variable, while x corresponds to the spatial
ones. It is then natural to consider the hyperbolic generalisation of (1.1), which we shall refer to as hyperbolic Lane-Emden
system, given by

{a" — Al - =0,

Uy — AV — 1P = 0. (1.4)
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If we define r := ||x||, fi(t,x) = u(t,r) and ¥(t,x) = v(t,r), system (1.4) can therefore be rewritten in its radial form as
Uge — Upr — -1v1=0,
(1.5)
Vit — Vpr — =0.

A simple generalisation of (1.5) can easily be obtained if we replace the integer n — 1, related to the dimension on the space
of spatial coordinates, by an arbitrary real parameter v.
Thus, in this paper we consider the following hyperbolic version of the Lane-Emden system:

Vv
Ut = U — Uy — V=0,
% (1.6)
Vie — U — —Ur —u” =0

from the point of view of Lie group analysis.

As far as we know, it was the PhD thesis of Gilli Martins [15], and the works arisen from there (see [4] and references
therein), that started the investigation of symmetry properties of the Lane-Emden systems in the sense of Lie symmetry
theory [1-3,17,24]. Since then several works have been done in this direction. See for example [8-10,12,19-21].

If at least one of the powers in (1.4) is 0 we obtain a coupled system such that one of the equations satisfies wys — Aw —
1 =0, which does not have any dependence with respect to the other variable and leads us to an uninteresting case. On
the other hand, if at least one of them is 1, say q, we can consequently obtain the biwave equation (?w — wP = 0, where
O:= 0y — A, a case already investigated, from the point of view of Lie symmetries, in [13]. For this reason, in this paper we
assume that p, q # 0, 1. This condition is the only one to be assumed regarding the nonlinearities.

With regard to the parameter v, we only assume that it is different from 0. Actually, the case v = 0 can either be obtained
from [8], under the complex transformation (x,y,u,v) ~ (t,ir,u,v) into the original variables of the mentioned reference,
or from [21], by making use of projections on the (t,x)—space once it is assumed that in [21] the functions u and v depend
only on (t, x) instead of (t, x, y). In this case, the symmetries for system (1.6), with v = 0, for any p and g, are given by

0 ad Bl 0
T=§,R=$ H_r&+t§ (1.7)
For other generators, depending on the powers p and g, see [21].

The outline of the paper is as follows. In Section 2 we revisit the main points concerning Noether symmetries and how to
construct conserved vector once a Noether symmetry is known. Next, in Section 3, the Noether symmetries are found and
their corresponding conserved vectors are established. The complete group classification of (1.6) is obtained in Section 4.
Discussions about the results obtained in the Sections 3 and 4, as well as their connections with the results obtained in
[8-10,21], are presented in Section 5.

2. Preliminaries on Noether symmetry

In this section we give some salient features of Noether symmetries concerning the system of two second-order partial
differential equations (PDEs), which we use in Section 3. For more details see for example [19,22].
We now consider the vector field

_ ad ad 1 0 ) ad
X= t(tru, ”)ﬁ +E&(t, 1 u, U)ﬁ +n'(t, 1 u, v)% +n*(t, 1, u, v)%. (2.8)
The first-order prolongation of X is given by
a a a
m_ = 1 9 1 2
X - T g 8u + 77 av + ;t au {t av é‘r au é.r 81} (29)
where
§t1 = Dt(nl) —uDe(t) —urDe (§), ;rl = Dr(n]) —uDr(t) — urDr(§),
&8 = De(®) =uDe(T) = ;D (§). & =Dr(n*) = vDr(T) — v:Dy (§) (2.10)
and
D—a+ua+va+ua+va+ua+va+
0= g Tl TGy Tl gy Vg U Vg e
d ad d d ad d 0
Dy = 3r+ura +Ur8v+urra +Vrr87vr+utr87ut+vtr87vt+“'- (211)

Recall that the Euler-Lagrange operators are defined by
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