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1. Introduction and definitions

Let A be the class of functions of the form:

f@=z+) anz". (11)

n=2

which are analytic in the open unit disk

U={z:zeC and |z| <1}
We denote by S the class of all functions in A which are univalent in U. Suppose also that, for 0 = 8 < 1, §*(8), C(B) and
K(B) denote, respectively, the classes of functions in A which are starlike, convex and close-to-convex of order § in U (see,
for details, [2]).

If f and g are analytic in U, we say that f is subordinate to g, written as

f<g or  f(2) <g(2),
if there exists a Schwarz function w, which is analytic in U with

w(0) =0 and lw(z)| <1,
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such that
f@)=gw@) (zel).
Furthermore, if the function g(z) is univalent in U, then the following equivalence holds true (see [2,8]):
f(2) <gz) (zeU) < f(0)=g0) and f(U)cg)
Let

Qk:{u-k iv:u>k,/(u—1)2+v2 (u,veR)}. (1.2)

Then, for a fixed value of k, the domain €2, represents the conic region bounded by an ellipse for k > 1, the right half-plane
when k = 0, the right branch of a hyperbola whenever 0 = k < 1 and the region 2, is parabolic for the value k = 1. The
domain €2, was studied by Kanas et al. (see, for details, [3-6]). Here, in our present investigation, we define the domain
Qy, ,, related to the domain €2, given by (1.2), as follows (see [10]):

Qy=vu+1-y) (0<n(y)<k+1).

Extremal functions for these conic regions, denoted by py, ,(z), are analytic in U and map the open unit disk U onto the
domain € , such that

Pry(0) =1 and p}w,(O) > 1,

where py ,,(z) is given by

1+Qy -1z —
i k=0
2
2y 1+4z _
1+n2 [log(l_ﬁ>] (k=1)
Pry (@) = (13)
4 1+ v sinh? [(3 arccos k) arctanh(ﬁ)] O<k<1)
1—k2 b4
u(z)
y . T NG 1 1
1+ @7 sin <2R(t) /0 T2/l (! dx) T (k> 1),
where
u(z):lz__\/tt»z (0O<t<1; zel)
such that

TR (t)
k = cosh < o) )
Here R(t) is Legendre’s complete elliptic integral of the first kind and R'(t) is the complementary integral of R(t) (see [5,6,10]).

For the function py ,(z) given by (1.3), let P(pkvy(z)) denote the class of functions p(z) which are analytic in U such
that

p(0) =1 and p(2) < Piy (2) (z € U).
We note that

@) =pe12 and  P(pr1(2) = P(pk(2)).

It can easily be seen that

P(pc(@) € P(B).
where

PB1):={q:qe A q0)=1 and %R[q@2)]>p1 (zeU; 0<p; <1)}
with

k

Pr=ite

For p e P(pi(2)). we have

(1.4)

jarglp@)]| < 55 0 <0 =1izel)
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