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We consider cosmological properties of modified gravity with nonlocal term R p F(�) R q in 

its Lagrangian. Equations of motion are presented. For the flat FLRW metric, and some 

particular values of natural numbers p and q cosmological solutions of the form a (t) = 

Ce −
γ
12 t 

2 
are found. 
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1. Introduction 

Modern theory of gravity is general theory of relativity (GR), which was founded by Einstein one hundred years ago and 

has been successfully confirmed for the Solar System. It is given by the Einstein equations of motion for gravitational field 

g μν : R μν − 1 
2 Rg μν = 8 πGT μν, which can be derived from the Einstein–Hilbert action S = 

1 
16 πG 

∫ 
R 
√ −g d 

4 x + 

∫ 
L mat 

√ −g d 

4 x, 

where g = det(g μν ) and units are chosen in such way that c = 1 . 

Despite all its successes, GR is not a final theory of gravity. There are many its modifications, which are motivated by 

quantum gravity, string theory, astrophysics and cosmology (for a review, see [1] ). One of very promising directions of 

research is nonlocal modified gravity and its applications to cosmology (as a review, see [2,3] ). To solve cosmological Big 

Bang singularity, nonlocal gravity with replacement R → R + CR F(�) R in the Einstein–Hilbert action was proposed in [4] . 

This nonlocal model is further elaborated is the series of papers [5–10] . 

In this paper we consider the action 

S pq = 

∫ (
R − 2�

16 πG 

+ R 

p F 

( �
M 

2 

)
R 

q 

)
√ −g d 

4 x (1) 

where R is scalar curvature, F(�) = 

∑ ∞ 

n =0 f n �n is an analytic function of the d’Alembert–Beltrami operator � = 

1 √ −g 
∂ μ

√ −g g μν∂ ν , g = det(g μν ) , M is a characteristic scale and p and q are natural numbers. For simplicity we take M = 1 . 

At the end of this paper we briefly discuss the limit when M → + ∞ . In the paper [11] action (1) was introduced and con- 

stant scalar curvature cosmological solutions were obtained. Also, perturbations around de Sitter background were discussed 

in [12] . 
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2. Equations of motion 

Variation of the action (1) with respect to metric yields the equations of motion in the form 

−1 

2 

g μνR 

p F(�) R 

q + R μνW pq − K μνW pq + 

1 

2 

�pq μν = −G μν + �g μν

16 πG 

, (2) 

where 

W pq = pR 

p−1 F (�) R 

q + qR 

q −1 F (�) R 

p , 

K μν = ∇ μ∇ ν − g μν�, 

�pq μν = 

∞ ∑ 

n =1 

f n 

n −1 ∑ 

l=0 

(
g μν∇ 

λ�l R 

p ∇ λ�n −1 −l R 

q + g μν�l R 

p �n −l R 

q − 2 ∇ μ�l R 

p ∇ ν�n −1 −l R 

q 
)
, 

(3) 

Detailed derivation of the above equations can be found in [11] . 

In this paper Friedmann–Lemaître–Robertson–Walker (FLRW) metric d s 2 = −d t 2 + a 2 (t) 
(
d r 2 + r 2 d θ2 + r 2 sin 

2 θd φ2 
)

is 

used. The signature of a metric is (1, 3) and the sign of a curvature tensor is chosen such that 

R 

β
μνα = ∂ ν


β
μα − ∂ μ
β

να + 
λ
μα
β

νλ
− 
λ

να
β
μλ

, (4) 

R μν = R 

λ
μλν . (5) 

Scalar curvature is R = R μνg μν = 6( ä a + 

˙ a 2 

a 2 
) and �h (t) = −∂ 2 t h (t) − 3 H∂ t h (t) , where H = 

˙ a 
a is the Hubble parameter. 

Lemma 2.1. If the metric is chosen to be FLRW, then the system (2) has two linearly independent equations. 

Proof. Note, that for the functions that only depend on time we have K μν = 0 when μ � = ν . Also �pq μν = 0 for μ � = ν .It 

means that system (2) has four nontrivial equations. Equations with indices μν equal to 11, 22 and 33 can be rewritten as 

16 πGg ii 

(
− 1 

2 

R 

p F(�) R 

q + 

( 

ä 

a 
+ 2 

(
˙ a 

a 

)2 
) 

W pq −
(

Ẅ pq + 2 

˙ a 

a 
˙ W pq 

)

+ 

1 

2 

∞ ∑ 

n =1 

f n 

n −1 ∑ 

l=0 

(∇ 

λ�l R 

p ∇ λ�n −1 −l R 

q + �l R 

p �n −l R 

q 
))

= g ii 

(
2 ̈a a + 

˙ a 2 

a 
− �

)
. 

(6) 

These equations are clearly proportional to each other and thus we have altogether two independent equations. The most 

convenient choice is to use trace and 00 equations, which are respectively 

−2 R 

p F(�) R 

q + RW pq + 3 �W pq + 

1 

2 

�pq = 

R − 4�

16 πG 

, (7) 

1 

2 

R 

p F(�) R 

q + R 00 W pq − K 00 W pq + 

1 

2 

�pq 00 = −G 00 − �

16 πG 

, (8) 

�pq = g μν�pq μν. (9) 

�

At first, we investigate how does Eq. (2) change when parameters p and q replace their places in the action (1) . To this 

end, the following lemma holds. 

Lemma 2.2. If we consider actions S pq , given in (1) , and S qp . The corresponding equations of motion are equivalent. 

Proof. Equations of motion, given by Eq. (2) , for actions S pq and S qp read 

−1 

2 

g μνR 

p F(�) R 

q + R μνW pq − K μνW pq + 

1 

2 

�pq μν = −G μν + �g μν

16 πG 

, (10) 

−1 

2 

g μνR 

q F(�) R 

p + R μνW qp − K μνW qp + 

1 

2 

�qpμν = −G μν + �g μν

16 πG 

. (11) 

Since W pq and W qp coincide, subtraction of the last two equation yields 

(R 

p F(�) R 

q − R 

q F(�) R 

p ) = 

∞ ∑ 

n =1 

f n 

n −1 ∑ 

l=0 

(
�l R 

p �n −l R 

q − �l R 

q �n −l R 

p 
)
. (12) 
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